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CONSTRUCTION AND TESTING 
OF HYDRAULIC MODELS, 


MUSKINGUM WATER-SHED PROJECT 


By GEORGE E. BARNES?!, M. AM. Soc. C. E., AND 
J. G. JOBES?, JUN. AM. Soc. C. E. 


Synopsis 


Hydraulic model studies were conducted on eleven of the dams for the 
Muskingum Water-Shed Project, north of Zanesville, Ohio. This paper 
describes the laboratory facilities used in the tests, and the more important 
features of model fabrication, operation, and test procedure. The time and 
personnel required, and the-cost of doing the work are given. An effort is 
made to present a picture of the physical equipment and organization required, 
and also the cost of securing results on a well defined, although not, neces- 
sarily typical, program of model studies. It is believed that such material, 
as distinct from technical findings alone, has not formerly been made avail- 
able to the extent desired by the profession. Thus, more discussion is devoted 
to the manner in which the work was done, than to a detailed analysis of the 
test measurements. However, certain selected test observations of special 
importance, which are considered to be of general interest as well, are 


presented herein. 


Metuop or ATTACK 


In each of the eleven studies, a working model simulating the outlet 
works, spillway, or other features governing hydraulic performance, was con- 
structed from preliminary drawings of the dam. ‘The general purpose of all 
tests was: (1) To observe and record the behavior of the model, built in 
accordance with the preliminary design; (2) to determine revisions necessary 
or desirable for optimum performance; and (3) to revise the model to com- 
plete or substantial agreement with the final design and to make complete 
record tests under the full range of flow conditions anticipated for the 


prototype. 


Norg.—Discussion on this paper will be closed in April, 1937, Proceedings. 

1 Prof. of Hydr. and San. Eng., and Head, Dept. of Civ, Eng., Case School of Applied 
Science; Cons. Engr., Cleveland, Ohio. 

2 Associate Engr., Los Angeles Office, U. 8. Engr. Dept., Los Angeles, Calif. 
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The laboratory personnel was given the relation between tail-water stage 
and discharge at each site, based upon channel studies. In certain cases, 
where considerable variation in stage might be expected at a given discharge, 
the best performance was demanded only for most frequent operating condi- 
tions, good performance for less frequent circumstances, and safe operation 
under circumstances likely to occur only at rare intervals. Adequate dis- 
charge capacity and safety were of first importance. 

The models were constructed with surfaces in contact with the water 
(except non-essential detail) similar to the proposed structure. The models 
were not distorted, and were built to the same vertical and horizontal scale, 
varying from 1:20 to 1:40. Each model included some or all of the follow- 
ing elements: (a) Reservoir approach topography at the control works; 
(b) intake tower and gates; (c) outlet conduits or tunnels; (d) stilling- 
basin; (e) outlet channel; and (f) spillway. 

The laboratory studies extended from August 1, 1934, to June 20, 
1935. They began immediately after the preparation of the official “Plan 
of Flood Control and Water Conservation Reservoirs” by the United States 
Engineer Office of the Zanesville District, and were continued throughout 
the design period. As the basic data for design were supplemented by field 
measurements and revised by analysis, and as laboratory test data accumu- 
lated, there was a constant rotation of data between the office and the labora- 
tory during this interval. When acceptable performance for stipulated operat- 
ing conditions was secured in the model, record drawings of the final model 
were put in the hands of the designers. These drawings were supplemented 
by a final report giving a complete record of all tests for that model. 


Laporatory FaAcitities 


The model studies were made in the Warner Hydraulic Laboratory of the 
Department of Civil Engineering, Case School of Applied Science, in Cleve- . 
land, Ohio. This laboratory includes two flumes, both of which were used in 
the work, and the larger one of which was added specifically for these tests. 
Fig. 1 is a longitudinal elevation of the circulating system, showing the 
metering devices and the flumes with essential accessories. 

The laboratory occupies a total of 6000 sq ft of floor space on two floors / 
of a modern building, with a trucking entrance on the ground floor and a 
3-ton traveling crane for equipment and material handling. From a 50000-gal 
recirculating reservoir under the ground floor, a battery of three centrifugal - 
pumps, operating in parallel, with a total capacity of about 7.5 cu ft per sec, 
deliver through a 10-in. common header to a constant-level tank on the second 
floor, or to the supply mains direct, if desired. Flow from the constant-level 
tank is through a 12-in. or a 4-in. supply line, each equipped with a Venturi 
tube, the flow being registered with indicating, recording, and totalizing 
meters. The metered supply reaches the River Flume on the ground floor 
through a 10-in. riser, the discharge from the flume being returned to the 
recirculating reservoir. On the second floor, the Experimental Flume is fed _ 
by a 10-in. take-off from the riser, or from a 6-in. take-off and weir box. . 
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Discharge from the experimental flume on the second floor reaches the 


reservoir through a 10-in. return, or may be passed through any one of six 
volumetric measuring tanks, each 6.0 ft in diameter and 10.0 ft deep, arranged 
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in pairs, with flipper devices for continuous running to calibrate the meters 
or measure the discharge, and each equipped with telescopic level readers and 
quick-opening valves through which water is returned to the reservoir. 

Both the second-floor experimental flume, with glass section, and the river 
flume on the ground floor, are equipped with adjustable tail-gates and with 
numerous piezometer connections. Each separate model requires a newly built 
piezometer assembly, leading in each case to a battery of open buckets in 
which levels are read by a hook-gage traveling on a carefully leveled rider 
bar. Each separate model, likewise, requires newly set rails supporting point- 
gage bridges, or sounding devices for measuring scour. 

Required fiows are set by valve manipulation and indicated by either the 
4-in. or the 12-in. Venturi tubes. At low flows, a U-tube manometer contain- 
ing carbon tetrachloride is used in tests as it gives much greater deflections 
and greater precision in reading. To insure minimum error, the 4-in. and 
the 12-in. meters are rated by volumetric measurement. The models for the 
Wills Creek, Charles Mill, Mohawk, Dover, Mohicanville, and Pleasant Hill 
Dams (see Fig. 2) were tested on the ground floor and the models for the 
Tappan, Clendening, Piedmont, Senecaville, and Bolivar Dams were tested on 
the second floor. 

Any description of laboratory facilities needed for model studies would be 
decidedly incomplete without mention of the shop facilities, tools for main- 
tenance work, and the fabrication of special instruments, or other devices 
required for a wide range of purposes. In a large city such as Cleveland, 
the availability of industrial shops is an added asset. Furthermore, room is 
needed for the preparation of drawings, filing of records, and reference 


material. 
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Types or MopEts 


The characteristics of the various dams have been described by E. L. 
Winslow, Jr., Assoc. M. Am. Soe. C. E.2 The following description gives only 
the distinguishing features of the several models studied. Aside from site 
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5 Civil Engineering, January, 1936, p. 1. 
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requirements, dissimilarity between structures is occasioned partly by the fact 
that operation of the several works was planned so as to be interrelated, 
and the performance of one outlet, in certain cases, affects another. These 
circumstances result in a great variety of hydraulic problems to be solved in 
design, and the model studies, therefore, vary in character to a commensurate 
extent. 

. For each dam, the outlet works terminates in a stilling-basin in which an 
hydraulic jump is formed, to dissipate the energy of conduit discharge. Since, 
in any case, spillways on these dams discharge under emergency conditions 
only to safeguard embankments, model spillways were studied in the labora- 
tory only for those few dams where the confluence of spillway and outlet dis- 
charge occurs in such a manner as to affect, appreciably, the design of the 
spillway, the outlet works, or both. 

The Wills Creek, Mohawk, and Bolivar models each include an intake 
tower with six control gates discharging through twin tunnels or conduits of 
horseshoe section, into a stilling-basin. The dimensions, heads, capacities, 
and tail-water conditions differ widely for the three dams. 


Fic. 3.—Mopsgu or SPILLWAY AND OUTLET WORKS, Dover DAM 


The Clendening, Tappan, and Piedmont models each discharge through a 
single horseshoe conduit into a different type of stilling-basin. The Clen- 
dening, Tappan, and Piedmont Basins are similar to each other, but unlike 
those developed for other dams of the project. The distinctive feature is the 
rise of the curved apron below the portal to an elevation higher than the invert 


* 
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of the tunnel, followed by a parabolic drop to the floor of the stilling-basin. 
The formation of an hydraulic jump with relatively high tail-water and low 
tunnel elevation and discharge is thereby obtained. 

The Charles Mill and Mohicanville models, as finally erystallized after 
substantial changes to the preliminary spillway layout, include short conduits 
through a solid masonry section with a secondary or emergency spillway 
immediately adjacent. The Senecaville model discharges through twin short 
conduits set in a gate-tower centered between adjacent twin over-flow sec- 
tions, each surmounted by a Taintor gate. For Senecaville, the discharge 
from all outlets combines in a long paved channel with a steep grade leading 
to a stilling-basin, 400 ft (20 ft in the model) down stream. 

The model of Dover Dam (see Fig. 3), simulates a solid masonry, overflow 
section, 338 ft long (9.66 ft in the model), between abutments, with eighteen 
gate-controlled, short, outlet conduits through it. These conduits are set in 
three batteries of six units each, at three levels. The outlet portals discharge 
over a curved apron between training walls into a stilling-pool which is 
required to be very shallow because of foundation conditions at the site. 

The model of Pleasant Hill Dam (see Fig. 4), includes an intake tower, 
enclosing a vertical shaft, into which flood waters are discharged through six 
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Fic. 4.—Moprn LAYOUT, PLEASANT HILL Dam 


orifices, without control gates. The orifices are set at two different elevations 
and are dimensioned to secure capacity which will predetermine the ode 
rise automatically. The model shaft discharges at the base through a con- 
stricted throat (for the purpose of maintaining a plunge pool in the shaft) 
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into a 6-in. (15-ft on a 1:30 scale), circular tunnel, and blow-off gates are 
provided at the tower base, as well as temporary openings for diverting water 
during the construction period. The spillway is of the shaft type with a 
circular crest, 2 ft 8 in. (80 ft) in diameter, surmounted by piers to eliminate 
vortex action, and with its ogee surface converging to an 8-in (20-ft) circular 
shaft and 90° bend to the horizontal. The model tower and spillway tunnels 
meet in a wye junction to form a tunnel (horseshoe section) 8 in. (20 ft) in 
height and width, leading to a stilling-basin below the dam. 


Move FABricaTion 


From the dimensions on the design drawings the Laboratory Staff prepared 
detailed model drawings for the fabrication of the several elements, and also 
layout sheets to guide assembly and erection. In making the models, skilled 
labor was employed in the laboratory and shop. Certain units were made 
for a price by commercial organizations in Cleveland. In the special instance 
of the wye-tunnel junction for Pleasant Hill (required to be made of a trans- 
parent material so that flow inside the junction could be observed and photo- 
graphed), the piece was fabricated at the University of Iowa, at Iowa City, 
Iowa, from drawings prepared at Case School, and then shipped to Cleveland 
for erection. Speed was essential and all available facilities were needed. 
Where complex details had to be reduced to model dimensions, as, for example, 
in the gate-towers, and tunnel and portal sections, the model drawings were 
made to full model scale. Topography in the model reservoir and in the 
channel below the dam was reproduced in the model by inundated sand fill, 
topped with a 14-in. mortar coat, placed between sheet metal templets cut 
to the proper transverse profile and set. at several stations on the center line 
of the works. A tinsmith cut these templets.from full-sized paper patterns. 
The original pencil fabrication and layout drawings were usually handled 
by the craftsmen working on the model, and due to the different scales 
required for the drawings, it was not always feasible to establish a uniform 
size for the sheets. Experience indicates that it might be preferable to main- 
tain a uniform size for filing and to work from blue-prints, since the drawings 
suffered considerably in the handling. 

To secure the complicated shapes with reasonable accuracy and speed, it 
was found best to work in sheet steel. The model tunnels and gate-towers, 
therefore, were made from welded 16-gage material. The Morning Glory 
spillway was spun from sheet aluminum, on a laminated solid wooden core, 
accurately turned to shape. The curvature in the tunnels was made as a series 
of short tangents. The joints between tunnel sections were male and female 
with bolted flanges. In forming the multiple short conduits—as for the Dover, 
Charles Mill, and Mohicanville Dams—a box-like steel shell formed the floor, 
ceiling, and the side walls of the outermost conduits. Individual conduits 
were then formed by wood-block inserts or piers fashioned by a pattern-maker 
with snug fit between floor and ceiling. The gates for all dams were vented 
immediately down stream. These vents were reproduced accurately in the 
models with welded steel, with openings carried through risers, headers, or 
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stacks as in the prototype, either to scale or slightly larger. The stilling- 
basins were usually formed with wood floor, walls, baffle-piers, and terminal 
sill. Where the side walls were warped, it was easier to secure proper dimen- 
sions with 22-gage galvanized sheet metal, or some comparable commercial 
product. Where changes were not anticipated the walls and floor of the still- 
ing-basin were formed in mortar. 

Numerous piezometer connections were installed along the floors of the 
conduits and at other points where pressure readings were desired. Unless 
piezometer openings are mechanically true, and unless the surfaces in which 
they are set are absolutely smooth and undistorted, false readings will be 
secured. For these models the best piezometer connection was found to 
be made by brazing a solid lug about 1 in. long to the under side of the steel 
floors, and drilling either a single }-in. hole through it in a direction normal 
to the surface, or three of such holes, and dressing the opening at the surface 


Fic. 5.—Mopert or INTAKH AND TwIN TUNNELS, MOHAWK Dam 
(ORIGINAL DESIGN BEFORE REVISIONS) 


with a slight radius. The opposite end of the lug was tapped for the insertion 
of a 4-in. or a 3-in. pipe leading to the piezometer buckets. On the surface of 
the Morning Glory spillway of the Pleasant Hill model seven pairs of piezom- 
eter openings, diametrically opposed, were connected through similar lugs 
to copper tubing leading to a piezometer panel on which was mounted 0.5-in. 
transparent tube through which the pressure gradient was read directly 
against paper scales. It should be remembered that piezometers record the 


« 
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pressure and not the water depth where curvilinear flow exists in a vertical 
plane. Of all the measurements taken, piezometer readings were most difficult 
and unsatisfactory. 

Fig. 5 shows a model of sheet steel with the intake ceiling elliptical 
in profile and of transparent material. The gates are steel flats, sliding in 


(a) Twin INTAKBS (b) GATE STRUCTURES 
Fic. 6.—TYPIcAL MODEL CONSTRUCTION, BOLIVAR Dam 


grooves in the wood division piers, and vented through rectangular slots and 
stacks. The tunnels are 20 ft high (model scale, 1:40). The complete model 
for the Dover Dam to a scale of 1:35 is shown in Fig. 8. Typical model con- 
struction is shown in Fig. 6*. The Bolivar tunnels are 16 ft high to a scale 
of 1:40. Typical of the stilling-basins for Clendening, Piedmont, and Tap- 
pan, is the model shown in Fig. 7. 


= TOWER 
Fic. 7.—MopgL or STILL- Fic. 8.—Mop8.L or INTAKE 
ING-BASIN, CLENDENING PLEASANT HILL DaM 
DAM 


Some of the most complex model fabrication was required in the case 
of the Pleasant Hill Dam. Fig. 8 shows the model intake tower of welded 
steel sheet. The Morning Glory spillway of spun aluminum with piezometer 


# See, also, Ovi) Engineering, January, 1936, p. 16. 
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connections is shown in Fig. 9(a). The wye transparent junction and steel 
horseshoe tunnel are exposed for their full length to provide access to piezom- 
eters. The wye is shown in Fig. 9(). 


(a) SPILLWAY (bv) TUNNEL JUNCTION 
Fig. 9.—TypicaAL MoprL CONSTRUCTION, PLEASANT HILL DAM 


MEASUREMENTS 


For each of the eleven dams certain features of operation and performance | 


were studied, including: 


(a) The relation of reservoir stage to discharge, for various combinations 
of outlet openings; 

(b) The distribution of energy losses; 

(c) The capacity and behavior of the spillways; and, 

(d) The performance of the stilling-basin, with particular reference to the 
variation in tail-water level at a given discharge, or the unsymmetrical dis- 
charge from the multiple outlets. 


The test measurements, therefore, were aimed to secure the following data: 


(1) Rating curves of reservoir stage against discharge for all combinations 
of outlets open or partly open (where tail-water variation affected the rate of 
discharge, rating curves were secured for the range of tail-water levels) ; 

(2) Water surface profiles through the stilling-basin, extending from the 
outlet portal through the hydraulic jump to the channel below; 

(3) Velocity traverses showing the distribution of velocities across various 
sections in the stilling-basin, and in the channel below; 

(4) Scour (with the sand bed of the outlet channel screeded level before: a 
test run, cumulative scour over an hour’s time was measured to compare tests, 
one with the other) ; 

(5) Flow conditions, recorded by photographs and motion pictures; 

(6) Observations without measurement (the effect of rising tail-water on 
the hydraulic-jump performance was recorded as observed by eye for small 
increments of rise) ; 

(7) Check surveys to determine the actual measurements of the models at 
various times as against the measurements to which they were set (in some 


oe em 
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cases swelling wood or settlement of supports made it necessary to re-set 
the model; the actual dimensions of the model tunnels and outlets were 
recorded) ; and, finally, 

(8) Record tests. 


The latter (Item (8)) were so-called formal tests conducted with all the 
measurements required to determine the behavior under stipulated operating 
conditions. They included hydraulic gradients through the structure, the 
upper pool elevation and discharge, the water-surface profile of the hydraulic 
jump, the distribution of velocities in the stilling-basin, and the topography 
of scour at the end of an hour’s run. 


Monet OprErAtTION 


For taking measurements it was found convenient to furnish the laboratory 
operators with mimeographed sheets, there being a separate form for the: 
Rating curve; water-surface profile; velocity traverse; hydraulic gradients g 
scour sheets; and daily diary. _ 

In operation, two men could usually handle the model on an 8-hr shift, 
one acting as reader and the other as recorder. When the model was being 
built or dismantled, skilled and unskilled labor was employed in addition. 
The laboratory operated continuously on a 24-hr, three-shift basis for about 
seven months. This continuous operation and accumulation of data kept 
about ten draftsmen busy, on an 8-hr basis, plotting, computing, and recording 
all measurements and model details, and preparing fabrication drawings for 
new models. 

For a record test, the sand bed below the stilling-basin was first screeded 
level to the desired contour. From a 2-in. flood line, water was admitted 
slowly at the tail-gate to approximate tail-water depth for the intended ‘dis- 
charge, so that the initial scour during the run would be slight. The proper 
flow was set by the meters, and the reservoir level and tail-water level were 
brought to equilibrium. All piezometers were blown free of air and stabilized. 
The hydraulic gradients were then recorded, water-surface profiles were taken 
in the stilling-basin with a point-gage and the distribution of velocities was 
recorded by Pitot tube or Bentzel tube in the stilling-basin and below the 
terminal sil] in the outlet channel. At the end of an hour’s run, the flow was 
stopped, the reservoir was allowed to empty, and the lower pool was drained 
to expose the sand bed, which was then measured with a sounding rod to 
record the depth and location of scour. 

Scour measurements were taken as an index by which performance between 
tests could be compared roughly, since it denoted concentration of high veloci- 
ties or persistent eddies and whorls along the bottom of the channel. Excessive 
or irregular scour in any case showed poor distribution of terminal velocities. 
From velocities at two-tenths and eight-tenths of the depth, the discharge 
was computed by ordinary stream-gaging methods to check by agreement with 
Venturi meter readings. 

For Wills Greek, a preliminary model to a scale of 1:40 was superseded 
by a final model to a scale of 1:25. For Charles Mill, a large scale (1:20) 
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model was used for conduit and stilling-basin studies only, followed by a 
1:30 scale model complete with spillways. 


Time, PERSONNEL, AND Cost REQUIREMENTS 


Fig. 10, “Laboratory Schedule”, shows the dates between which model 
erection and model testing occurred. The interval shown for erection and 
testing does not include time for preparing drawings, for the fabrication of 
model parts, or for handling and digesting test results. As a rule, no time 
elapsed between clearing the flumes of one model and erecting another. The 
vertical lines in Fig. 10 indicate the man-hours for that week’s payroll, includ- 


Wills Creek 
Charles Mill 


Tappan 
1 


Mohawk 
Dover 


Clendening 


Senecaville 
Cig Piedmont 

CJ Erection Period Mohicanville 

GRRE Testing Period . Bolivar 


1000 


800 


600 


400 


Man Hours for the Week 


Fig. 10,— LABORATORY SCHEDULE, SHOWING DATES BETWEEN WHICH MODEL ERECTION 
AND MODEL TESTING OCCURRED 


ing all operations. Rates for engineering assistants (draftsmen, computers 
model builders, and model operators) ran from $0.60 to $1.50 per hr, limi 
to a 40-hr week. Rates for skilled labor (machinists, carpenters, cement 
finishers, pattern-makers) ran at the prevailing local scale, from $1.00 to 
$1.25 per hr, limited to a 30-hr week. 

The direct cost of materials and labor for the several models is shown 
in Table 1. It includes a total of about $1800 for blueprinting required for 
the several reports and $1 100 for photographic prints used in the reports. The 
power consumed in pumping totaled about 20000 kw-hr. To these data should 
be added approximately 40% to cover rentals, supervision, miscellaneous ser- 
vices and supplies, travel and consulting expenses, and the salaries of three 


aa 
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engineers from the Zanesville U. S. Engineer Office stationed at the labora- 
tory. Included in the 40% is the cost of the river flume ($1 250), which was 
installed specifically for these tests and transferred to Case School as part 
compensation for the work. 


TABLE 1.—Drrect Lasor anp Martertats Invotvep 1x Move, Testing 


Structure Scale of 5 Costs 
(see Fig. 2) model Units tested —— 
Labor Materials Total 
Wills Creek.... 1:40 Intake, twin tunnels, stilling-basin 
; 1:25 Intake, twin tunnels, stilling-basin| $4 650.59 $1 382.48 $6 033.07 
Charles Mill... 1:20 Outlet conduits, stilling-basin 
1:30 Outlet conduits, reas, aig 
stilling-basin, s ill way... Sate ies 3 010.00 977.81 3 987.81 
Tappan....... 1:20 ‘unnel, stilling-basin............ 935.94 277 .87 1 213.81 
emer aal he 1:20 Tunnel, atilling-basin..... Cichatenoiee 972.31 262 . 87 1 235.18 
Piedmont.. 1:20 | Tunnel, stilling-basin............ 398.03 131.34 529 .37 
Mohawk 1:40. Intake, twin tunnels, stilling-basin. 2 468.06 1 106.39 3 574.45 
Senecavill 1:20 | Outlet: conduits, Taintor gate sec- 


tions, outlet channel, stilling- 


Dasa 8 leg Ae coke hacker tec 1 106.05 236.46 1 342.51 

Dover......... 1:35 '| Spillway section, outlet conduits, 
stilling-basin Srauaosr¥rehein 6. obs atekete 2 038.85 960.52 2 999.37 

Bolivar...0...; 1:40 baled Parma tunnels and satilling- 
BE cohis te ere tis elas Seta aratle AY 1 231.50 580.02 1 811.52 

Mohicanville.. . 1:25 Outlet conduits, - outlet channel, 
stilling-basin, spillways......... 1 546.56 499.35 2 045.91 

Pleasant Hill... 1:30 | Intake tower, spillway tunnels, 
: stilling-basin.................. 3 167.83 1 574.40 4 742.23 
Beach City.... .... | Preliminary drawings for model... SOOO Leechers 33.00 
MOL emer pester | iercy crete Mall cicvelcte cocks, oft vigteseteie staieicis syaies eles as $21 558.72 $7 989.51 $29 548.23 


Exclusive of the building, a 50 000-gal. reservoir, the general plant, shop, 
and tools, the permanent investment, installed, for the principal items of the 
fixed. equipment used for the tests is: 


Three motor-driven pumps and controllers........ $ 3 400 


Major. piping and valves............... bestia ates 1 750 
Constant level tank........ nus Oe PakcgehS ses shales cele 300 
Venturi tubes and meters. Wen aa oeE ears 600 
Experimental, flume (3 ft fie in. by 38 ft O in. ee 
90 ft 0 in.) with drains......... ew thee 1 300 
River flume (5 ft 6 in. by 12 ft 0 in. nn 44 ‘tt 4 in.). 1 250 
IM GAStEri Ties GAIGKS sia micts icine aptinalalsiee |», hele 40m 9058 2 400 
TGt a lig. 5 yienutia cs .clels ertotar PN ee OT $11 000 


Caution must be used in comparing the cost of model studies, one with the 
other, because they are likely to be unrelated in character. The costs shown 
are those for a concentrated extensive program of studies generally similar 
and related, under a carefully planned and rigorous schedule. Furthermore, 
for these studies, work ceased the moment major decisions on design could be 
made, and the models were built in an economical manner for this immediate 
purpose only. 

OprraTING DIFFICULTIES’ 

Mechanical imperfection of the models themselves, together with the 

physical difficulty of taking precise measurements in all laboratory work, may 
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seriously affect the results of an hydraulic model study, if these factors are 
under-rated or their significance ignored. Some of these factors deserving 
special consideration are: Discharges, piezometer readings, points of filling, 
orifice coefficients, joints and connections, warping, settlement, water-surface 
elevations, velocity measurements, and entrained air. 

Discharges—The small geometric scales necessary, require a large ratio 
of prototype flow to model flow, necessitating the accurate measurement of 
discharge. Where a weir is used, calibration should be directly by volume or 
weight if possible. Otherwise, proper precautions must be followed to insure 
that the weir corresponds in setting to the original by which formulas have 
been derived. With the Venturi meter, direct reading may be obtained at 
about full capacity with ordinary differential manometers. As previously 
noted, it is much more satisfactory with lower flows to magnify the deflections 
of the manometer by the use of a lighter liquid, such as, carbon tetrachloride. 
The specific gravity of the carbon tetrachloride must be determined carefully 
and frequently, and the glass tube should be at least 0.5 in. in diameter for 
easy cleaning and to avoid the effects of surface tension on the meniscus. 

Piezometer Readings—Where high velocities occur, piezometer readings 
are the, most difficult measurements to obtain most accurately. A smooth 
1-in. hole, with a 7s-in. radius free of burrs is suggested’ by C. M. Allen, 
M. Am. Soc. C. E. The relation between discharge in the prototype and that 
in the model depends on the ratio, n. Since n must be determined by piezom- 
eter readings their importance and the care to be exercised in the fabrica- 
tion of piezometer connections cannot be over-emphasized. 

Points of Filling—That point at which the model tunnel ceases to flow 
partly full and begins to flow completely filled, is difficult to determine. Even 
where this point is determined accurately in the model there may be some 
question as to whether or not: the prototype will behave in exactly the same 
manner. 

Orifice Coefficients——The use of models in which orifices are involved raises 
the question as to how the coefficients are affected by actual size. Tests cover- 
ing small orifices show a variation in the coefficient with the actual size of 
opening. 

Joints and Connections.—As few joints as possible in a model appears to be 
desirable, inasmuch as these joints affect flow conditions both up stream and 
down stream with consequent breaks in the hydraulic ‘gradient, as shown 
in the piezometer readings. A smooth hydraulic gradient is desirable in order 
to obtain the value of n for the model. 

Warping.—lIt is extremely difficult to prevent warping in wooden models. 
Slight warping often produces incorrect flow conditions, which affect the 
results seriously. Many methods of water-proofing have been tried by the dif- 
ferent hydraulic laboratories. The use of celluloid dissolved in banana oil, 
and the use of aluminum foil have been tried. 

Settlement.—Settlement of the sand base under mortar surfaces leaves the 
templets exposed and elevations in error so that often it is necessary to rebuild 


5“Piezometer Investigation”, by C. M. Allen, Transactions, A.S.M.E., May 15, 1932. 
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the model after it has been in use. If the sand base is thoroughly inundated 
prior to placing the mortar surfaces, and not permitted to dry out, this diffi- 
culty is kept at a minimum. 


Water-Surface Elevations.—Water-surface elevations are difficult ‘to obtain, 


_ and care in leveling the base rail and in checking of the gage zeros, must be 


maintained at all times. 

Veloctty Measurements.—Velocity measurements in a model are difficult 
to obtain inasmuch as they usually cover a wide range, from considerably less 
than 1 ft per see to greater than 10 ft per sec. For the low velocities the 
Bentzel meter, specially constructed Pitot tubes, and small current meters 
have ali been used by the various laboratories. 

Entrained Air—Most hydraulic formulas are based on the assumption that 
water weighs 62.5 lb per cu ft. However, they do no hold exactly where the 
hydraulic jump, or where flow conditions in which air is entrained occur. 
Thus, any model that includes these flow conditions should have a factor of 


_ safety added greater than the minimum dimensions shown by the model tests. 


OBSERVATIONS AND FINDINGS 


In model studies, preliminary analysis is essential in order that’ time and 
money spent on laboratory manipulation may be minimized. The test 
measurements themselves are worthy of equally careful analysis and interpre- 
tation. Analysis of the detailed test observations, however, is beyond the 
intended scope of this paper, and the following discussion includes certain 
findings which are stated in general terms only, to give a brief picture of 
certain selected results. 

The outstanding single result of tests was an improvement to all stilling- 
basins. In the case of single or twin outlet conduits, the typical features 
of the model basins are illustrated in Figs. 4 and 7. With the jet issuing 
from the portals between flaring side-walls over a curved apron, the models 
demonstrated, for these outlets, that the jump could be held with slight change 
in location on the apron, for all rates of discharge and corresponding tail- 
water levels, by block-shaped baftle-piers with stepped up-stream faces, anchored 
to the basin floor. For a given discharge, the jump appeared to be slightly 
more stable when the apron itself was stepped. 

With excessive flare and batter to the side-walls, lateral distribution of 
the shooting flow on the apron was poor. In such cases the water failed to 
follow the flare, and lack of forward momentum at the side-wall permitted 
back rollers from the tail-water in the lower end of the basin, which skewed 
the jump to one side. The result was persistence of whorls, eddies, and con- 


- centrated high velocities at the exit from the basin. Similar behavior accom- 


panied the presence of excessively high tail-water in any case. A low value 
of average velocity computed on the basis of high tail-water proved to be a 
deceptive index to flow conditions, if the jump itself was neither positive nor 


balanced. 
In the models, good results were secured when the side-walls up stream 


- from the jump were not flared more than 1 on 4 (preferably 1 on 5 or 1 on 6), 


AT set 
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and battered not more than 1 on 10. The parallel side-walls of the basin, 
below the jump, were battered as suitable for their construction as paved 
slopes or retaining walls, as the case might be. With tranquil flow instead 
of shooting flow, the slopes could be flatter without serious effect on perform- 
ance, although slopes as flat as 4 on 1 produced eddies in some cases. 


z 
} 


For structural or other reasons, the outlet tunnels for several of the dams — 


were originally set lower than proved suitable for good performance with the 
coincident tail-water conditions corresponding to the several rates of dis- 
charge. In some cases, the tunnel was raised as a result of the tests; in others, 
where this was not feasible, a unique expedient solved the difficulty. 


The Clendening stilling-basin has already been specially mentioned. In the — 


original design, the tunnel invert was placed low, and high tail-water in 
the model drowned out the jump. ‘To secure a good hydraulic jump without 


raising the tunnel, proper relation between momentum of outflow and tail- — 


water depth was secured by passing the water over a humped apron (as 
described under the heading, “Types of Models”), through which a narrow 
gutter was cut for drainage. The hump was first built crudely with wooden 


flats in the model, and then carefully shaped for easy transition. This feature — 


was also adopted, after trial, in the models for the Tappan and Piedmont 
Dams as well. 

To reduce concentration of scouring velocities along the bed af the outlet 
channel, a low terminal sill with the up-stream face stepped, was placed at 
the end of the stilling-basin and was found to be the simplest and most 
effective, although other types were studied. 

One expedient to reduce the length of stilling-basins was to carry the 
horizontal flare into the tunnel portals. In the first Mohawk model, with 


portal and tunnel height equal, the portal flare and increase in area resulted ~ 


in the hydraulic control being shifted from the tunnel section at low flows, 


to the portal section at maximum flows. With the large portal flowing full at 


atmospheric pressure, the differential between the portal velocity head and 
the tunnel velocity head was roughly 20 ft. Consequently, negative head 


occurred in like amount in the tunnel. When the flare was omitted from — 


the tunnels, and stilling-basin side-walls were adjusted to correspond with 
increased warp and flare, the hydraulic jump was unbalanced. The flare was 
restored, therefore, to the portal section, but the portal area (and negative 
tunnel head) was reduced by dropping the portal crown. Piezometer readings 
in the model disclosed the shift in the pressure gradient. 

Finally, for all stilling-basins, tail-water stages were such that the depth 
in the basin much below the stream bed was, in general, found to be needless, 
and the model studies resulted usually in reducing the length or width of the 


basins, or both. Liberal size alone was found to be insufficient guaranty of 
adequate performance. 


The true head between reservoirs and outlets is difficult to discover. For 


preliminary designs, outflow was predicated on head measured as reservoir 
elevation, minus portal invert elevation, minus the average depth at the 
portal. Actually, the head will be greater, since the jet from the portal is 


accelerated downward by gravity, and the pressure head on the apron is less _ 
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z than that caused by an equal depth of still water. The discrepancy between 


_ assumption and fact will depend on the sharpness of apron curvature and jet 


velocity. In the case of the Pleasant Hill model, the true head by piezometers 
appeared to have a value closer to reservoir. elevation, minus portal invert 


elevation, minus one-half thé depth. The model discharge was greater than 


anticipated and, in fact, substantially exceeded the required capacity, so 
that the original 20-ft tunnel and shaft was reduced to 19 ft, with incidental 
changes resulting in reduced cost of construction. 

Another feature of the Pleasant Hill model was the transparent wye-junc- 


_ tion through which flow conditions, much under discussion during staff con- 
_ ferences, could be observed and evaluated. With certain rates of flow (to 


occur in Nature at rare intervals), the model showed that discharge from the 


_ gate tower would enter the junction in such fashion as to climb the opposite 


wall and spiral completely around the interior face of the main tunnel. 


The Bolivar model was operated with its portal submerged by the tail- 


water, as would be required for this particular dam at certain outflows, and 


when the Dover Reservoir, located down stream, is filled to crest level. Quick 


- closure of the model gates caused a sudden inrush of air through the vents, 


the slug of air traveling down the tunnel to be released at the portal. Release 
of air was followed by a sudden rush of tail-water into the portal, with severe 
slap and shock. Disturbance also occurred with the gates stationary in a 
throttled position, provided the portal was submerged. The gates in the 
model, of course, can be closed almost instantaneously, whereas the mechanism 
in the actual structure will not permit any such rapid gate manipulation. 
Nevertheless, the model showed that it might be important to release the 


water through a few gates fully opened rather than through several in a 


throttled position, and to restrict the speed of gate closure. 

With multiple short conduits through a masonry section, as for Charles 
Mill and Dover Dams, increase in capacity or improved lateral spread on 
the apron was attempted with conduits having a curved or offset ceiling pro- 
file, or horizontal flare, or both. The benefits, if any, indicated in the models 


- were not considered commensurate with the probable cost of the more complex 


_ shapes and, in each case, the final models crystallized into conduits of simpler 
_ uniform rectangular section and liberal elliptical easement at the inlet, which 


appeared. to be entirely suitable. 

The size and position of training walls, and the shape of rock-cut benches 
by which spillway discharge could be directed with a minimum disturbance 
into the outlet channels, were studied in the Charles Mill and Senecaville 
models. Studies of alternate types of spillways were made for Mohicanville. 


“The approach cuts and wing-walls at the inlet were improved in the models 


for Wills Creek, Charles Mill, and other dams. 


Revation Between Capacity or Prorotyre aNp Mopen 


To check the stipulated capacity of the outlet works at a given reservoir 


stage, it is necessary to convert the model discharge into corresponding flow 
in the prototype. Where gravity is the predominating factor in inducing 


ev 
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flow, with comparatively slight retardation from friction, the flow in the model 
is directly converted to flow in the prototype by the § power of the scale 
ratio. Such a conversion factor would be appropriate for overflow spillways, 
stilling-basins and (for simplicity, and on the safe side, for capacity), for 
short conduits. In long tunnels where frictional retardation has a great influ- 
ence on discharge, it was difficult or impossible with these model scales and 
structures to secure an interior roughness factor, or Kutter’s n, low enough 
to give the foregoing conversion factor where n in the prototype is to be 0.011 
or 0.013. Consequently, it was necessary to determine the value of n for 
the model by observing, carefully, the hydraulic gradients in a straight section 
where uniform flow obtained. For example, the value of n for the model of 
the Mohawk Tunnels (1:40 scale) was found to be 0.0091, which indicates 


that the models, however smooth mechanically, are nevertheless too rough to ~ 


simulate conditions in the prototype. However, knowing the value of n for 
the model, the corresponding flow in the prototype can be computed by 
Manning’s formula, or by other accepted formulas. For these models too 
much confidence is not warranted in the experimental values of n, because 
the model tunnels are believed to be too short to establish uniformly good 
flow conditions. 


SuMMARY AND CoNCLUSIONS 


The fact that hydraulic models cannot be made to reproduce, in exact 
miniature, all the phenomena that will occur in the prototype does not detract 
from their genuine utility. The performance of hydraulic models may be 
interpreted to great advantage by a designing engineer. It is obvious that 
certain of the foregoing findings could not be determined over the drafting- 
board, or by analysis alone, and that other measurements furnish the data for 
needed analysis. The model studies described in this paper were in the nature 


of check tests for the sole purpose of expediting the production schedule 


demanded of the Designing Staff for this project, by contributing a valuable 
supplementary method for attacking complex problems of hydraulic design. 
The tests more than saved their own cost by actually reducing construction 
expenditure, and, in addition, gave invaluable assurance as to the probable 
behavior of the finished structures of the Muskingum Water-Shed Project. 


It is hoped that the data presented herein may be helpful in planning other 


model studies of somewhat related character. 
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AINALYSIS OF STRESSES 
IN SUBAQUEOUS TUNNEL TUBES 


By ANATOL A. EREMIN,? Assoc. M. Am. Soc. C. E. 


SYNOPSIS 


Stresses in a concrete tunnel tube with flexible horizontal ties, are analyzed 


in this paper. The equations for computing stresses in the tube and ties 


_ are based on the Maxwell theorem of reciprocal displacements. Stresses in a 


Sey Cae 


tube may also be determined by the Method of Least Work, although the 
resulting equations are lengthy and require considerable computation. 
The dimensions of a tube and its tie-rods are generally proportioned by trial 
and error and, therefore, it is essential to save time in the analysis of the 
stresses. Changes in the dimensions of the tube and ties require the computa- 
tion of fewer terms in the equations based on the Maxwell theorem than in 


the Method of Least Work. 


INTRODUCTION 


The elastic tube lining with flexible horizontal ties has found wide applica- 


tion in the construction of subaqueous tunnels. In Fig. 1, for example, the 


roadway is placed at the center of the section. The upper horizontal ties 


are enclosed in the ceiling slab, the space above being used for an exhaust 


ventilating duct. The lower horizontal ties are placed in the roadway slab, 
the space beneath it being occupied by the fresh-air ventilating duct. These 
rods cause a more even distribution of the stresses in the ring. 

The tunnel lining may be either a reinforced concrete tube or a series of 
cast-iron rings bolted at the flanges. Each type has been found advantageous 
from a construction or economic standpoint, depending on the site and the 
soil to be penetrated. In the Posey Tube under the estuary channel between 
Oakland and Alameda, Calif., reinforced concrete pre-cast sections were used. 
In this case the horizontal steel tie-rods were placed in the ceiling, the road- 
way slab being designed to act as a strut to resist external soil pressure.” In 


Notr.—Discussion on this paper will be closed in April, 1937, Proceedings. 

1 Assoc. Bridge Designing Engr., Div. of Highways, State Dept. of Public Works, 
Sacramento, Calif. 

2 Engineering News-Record, October, 1924, p. 720. 
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the Holland Vehicular Tunnel under the Hudson River between New J ersey 
and New York, the tube was made of bolted cast-iron rings. The high tensile 
steel tie-rods were placed in the ceiling and roadway slabs.* 


Center Line of Tube—>| 


Force Exerted by 
Upper Tie Rods 


Center Line of Tube 


M, \ | 
Center of | | 
Elastic i] | 

Lower Tie Rods Weights fs 7 

Force Exerted by ra 

Lower Tie Rods wa oA 
=a 
aa 
Fresh Air Ducts 
Fic. 1.—TypicaL SgectTion or SusB- Fic. 2.—Diacram or Basic 


AQUEOUS TUNNEL TUBE. TUBB. 


The equations developed in this paper refer to the analysis of stress in a 
reinforced concrete tube. However, they may also be used for the analysis 
of stresses in a cast-iron tube by substituting the proper values for the modu- 
lus of elasticity. The basic assumptions made for the elastic materials gen- 
erally used in the theory of elasticity were adopted for this paper. However, 
the possible effect of plastic flow in concrete was: not considered. 

Notation.—The letter symbols in this paper are introduced in the text as 
they occur and are summarized for reference in the Appendix. An effort has 
been made to conform essentially with “Symbols for Mechanics, Structural 
Engineering, and Testing Materials’* compiled by a committee of the Ameri- 


can Standards Association, with Society representation, and approved by the 
Association in 1932. 


DERIVATIONS 


The loading sustained by a tunnel tube consists of external earth and water 
loads, the weight of the structure, the live loads on the roadway deck, and 
the force of buoyancy. The ring and the loads acting on it are generally sym- 
metrical about a vertical axis through the crown section, and, consequently, 
the stresses involved are also symmetrical about the vertical axis. The shear- 
ing stresses at the upper and lower crown sections are equal to zero. In 
developing the equations the half-ring shown in Fig. 2 is analyzed, represen- 
ting a 1-ft length of tube, fixed at the bottom, with the right half removed. 
The tie-rods are replaced by tensile forces, and the reactions. from the right 
half are expressed by the horizontal force and bending moment applied at 
the elastic center of the tube. 

An elastic tube with two horizontal flexible tie-rods is statically indeter- 
minate in the fourth degree; that is, there is a deficiency of four equations 
for solution as a statically determinate problem. The following are the con- 


’ Engineering News-Record, December 3, 1925, p. 902. 
4 A.8.A.-—Z10a—1932. 
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ditions to be met: (1) From symmetry, the vertical diameter in Fig. 2 may 
be assumed as fixed; (2) the horizontal displacement and the rotation of the 
crown sections may be equated to zero; and (3) the horizontal displacements 
of the ring, at the points where the tie-rods are connected are equal to the 
strains in the corresponding ties. 

Case 1—Tunnel Section Without Tie-Rods.—Equations developed for 
determining stresses in an elastic rib arch fixed at the ends,® may be adapted 
to the solution of stresses in any closed ring without tie-rods. Since such a 
ring is symmetrical about the vertical axis, its elastic center will be on the 
vertical axis and its distance from the upper crown section, yc, may be com- 
puted from the equation, 


ie 


3 


in which (see Fig. 3), hy = the vertical dis- 
tance from the axis at the crown, to any point, 


¥ 
x, y, on the ring; dw = = , the elastic weight les A] 


Center Line of Tub 


c 
of the arch element; ds = the length of an 
element measured along the neutral axis; 
H, = the modulus of elasticity of the con- 
erete in compression; and J = the moment of 
inertia of the section of the tube. 

The horizontal force, H., that expresses the 
effect of the right-half ring (transmitted 
through the hypothetical arm shown in Fig. 2) Za 
is determined from: Fia. 3.—NOMENCLATURE. 


f My dw + fH cos? 6 dv + JV sin 6 008 8 dv 
SU eee ee ee 
f yaw + f cos? 8 dv 


in which, M = the bending moment at some point, x, y, on the neutral axis 
of the tube produced by the forces applied between that point and the crown; 
H and V are the horizontal and vertical components of the sum of all the 


forces between Point xz, y, and the crown; dv = aC = the area of 


c 
the section cut by a radial plane, per linear foot of tunnel; and 6 = the angu- 
lar distance of Point x, y, measured counter-clockwise. The moment, Mo, at 
the elastic center, introduced to allow for the removal of one-half the tunnel 


tube, is: 


Center of 
Elastic 
Weights 


ae SRR (2) 


a ee ae a a, Se . 
5“Movable and Long-Span Steel Bridges’, by G. A. Hool and W. S. Kinne, p. 440, 
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The horizontal distortion at Point 2, y, (see Fig. 4) may be determined by: 
DNs, ={u y dw +fu cos? 6 dv +fv sin 6 cos 6 dv 


— Hy (ff yaw + feos 6 av) — Me f y aw 5° ae .(4) 


the integration being taken from the fixed support to Point x, y. When the 
external load is a unit horizontal force applied at the upper tie-rod joint 
(Fig. 4(b)), the horizontal and vertical components are A =.41,-and7)/ = 


Ar Original 


Position 


Se Sls PE 


Distorted 
Position 


Ao2 Ga 12 422 
(a) DUE TO EXTERNAL (b) DUE TO UNIT FORCE AT (c) DUE TO UNIT FORCE AT 
LOADING UPPER TIE ROD LOWER TIE ROD 


Fie. 4.—DiIsGRAMS or HoRIzONTAL DISTORTION. 


and the bending moment at Point z, y (Fig. 3), on the neutral axis below the 
upper tie-rod joint is, 


in which, yy, = the vertical distance of the upper tie-rod joint from the elastic 


center. Therefore, from Equation (2), the horizontal reaction at the elas- 


tic center, produced by a unit force at the upper tie-rod joint is: 


Sua aot Sf cost 0 dy 


= oo ae (6) 
fx aw + ff cost @ av 
and the reaction bending moment, from Equation (3) is, 
f Gey dw 
| sia eee (7) 
f dw ; 


From Equation (5) the horizontal distortion at some point, x, y, on the neutral 
axis, produced by a unit force acting along the upper tie-rod is: 


du=fuqu—y dw + f cost 6 do 


— Hf yaw + f costa) — Myf ydw.........(8) 


‘ 
F 
- 
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Likewise, the horizontal thrust, H), and the bending moment, Mi, at the 


elastic center of the ring produced by a unit force applied along the lower 
tie-rod, are: 


fuu-wv dw + frost 6 do 
Hq, = ——__.—4—_. ..............0 (9) 


Sv aw + fcost a ao 


and, 
i (yw — y) dw 
et ee ee, ee Lee (10) 
f dw 
in which, y; = the vertical distance from the elastic center to the lower tie- 


rod. The horizontal distortion, A.1, of some point, x, y, produced by a unit 
force applied along the lower tie-rod is the same as Equation (8), substituting 
for yu, Hy, and My, the corresponding values of yi, Hi, and Mi. 

The limit of integration for the nominators in Equations (6), (7), (9), 
and (10), is from the intersection of the axis at the invert crown to the point, 
x, y, at which the tie-rod is fastened. The limits of integration for Equa- 
tion (8) is from the intersection of the axis at the invert to the point, x, y, at 
which the distortion is computed. 

Case 2.—Tunnel Section with Horizontal Tie-Rods—Whereas, a circular, 
elastic tube with two horizontal tie-rods is statically indeterminate in the 
fourth degree, without the tie-rods the section is statically indeterminate in 
the second degree, and in the latter case, the reaction forces may be com- 
puted by Equations (2) and (3). Stresses in the tie-rods may be determined 
from the Maxwell theorem of reciprocal displacements. 

The horizontal distortions at the level of the upper and lower tie-rods are, 
respectively, Aou and Av. In the tube with ties these distortions are corrected 
by tensile forces in the tie-rods. The final force in the upper tie-rod, assisting 
the tube to carry the external loads, is indicated by Xu and at the lower rod 
by Xi. The horizontal distortion at the upper tie-rod joint produced by the 
upper tie-rod stress is XyAiw, and the distortion produced by the lower tie-rod 
stress is Y¥;A1. The total distortion of the ring at the level of the upper 
tie-rod, from its original position, is equal to one-half the strain in that tie- 
rod, or 


eae aM SN at eae (11) 
2 E, Ay 

(assuming no initial tension in the tie-rod). Therefore, from the Maxwell 

theorem the equation may be written: 


1 


Bulut’ cane Kat ag 3 Sue nih ieee (12) 
2 E, Au 

Likewise, for the lower tie-rod an equation of distortion may be written: 
Et aw Kenai X, hcg? , alee (13) 
2 E, Ai 
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in which, Ay, and A; are the sectional areas of the upper and lower tie-rods, 
respectively. From Maxwell’s theorem Ai: = Azu. Solving, simultaneously, 
Equations (12) and (13) the reactions, XY, and Xi, in the tie-rods may be 
determined. 

The horizontal thrust, H-, and the bending moment, Mc, at the elastic 
center of the tube, with tie-rods, may be computed from: 


He = Ho + Au Hy + M1 Bits }iacusca) pee 


and, 


M, — Mo + Xe Ma + X pM tecs dee ea eee 


The bending moment, M, and the normal thrust, NV, at any radial section may 
be computed from statics; thus, for points on the axis of the ring between 
the upper tie-rod and the horizontal diameter of tube: 


Moh —Me+ Hey tM + Xu (af — 4) ¥ o's winve slo'ep's a LO) 


and, 


N = Ho cos 6 — H cos 6 + V sin 6 — Xy Cos O......... (17) 


Case 3.—Temperature Stresses —Assuming the tie-rod removed, the hori- 
zontal thrust at the elastic center, produced by a change (¢) in the tempera- 
ture of the atmosphere is expressed by: 


pe ctr E, 
Sut dw + fcos* 6 do 


in which, c = a coefficient of temperature expansion or contraction of concrete 
for 1° variation in temperature; and r = the radius of the neutral axis of the 
tube. . 

The horizontal distortion of some point, x, y, on the neutral axis of the tube 
for a change of temperature of ¢° is expressed by: 


oes 5 Opi tings 2 eae ae .(18) 


Ar =ctrk, — HM (fx dw + [cos @ dv) + adidials cadets aE 


Tension or slack in the upper and lower tie-rods produced by temperature 
changes in the atmosphere may be computed from Equations (12) and (13), ex- 
cept that Ao: and Ao: must be changed to the temperature distortions, Ary and 
Ai, in the upper and lower rods. Temperature stresses may be computed also 
for differences in temperature between rods and ring, with appropriate dis- 
tortions, At, and Az:. It should be noted that the earth pressure loads may 
also change with changes in temperature. 

Case 4.—Circular Tunnel Tube of Uniform Thickness—The equations for 
computing stresses in a circular ring of uniform thickness may be simpli- 


fied considerably. The elastic center of the tube will be in the geometric © 


a 
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center of the ring. The co-ordinates of a radial section may be expressed by 
angular functions, thus, 


=) Tsim 6). yarn sieges 0) 

y = fr cos 8 ei lesseoteBsreastsiietace 6 atahe otal sre Merete (21) 

ds = r dé. (22) 

dw. = K, r dé (23) 
and; 

vB KA Pic Oe) att The Nata ee ORE (24) 
in which, K, = coe ; and, K, = a . Substituting Equations (20) to 


(24) in Equations (2); (8), and (4): 


: K, f M cos 040 + K, fH cost 6 a0 + K, Ve conde 


hee | oe. (25) 
(2 K, + K;) if Gt 6 ab 
f M a0 
Ug Seed Sek Be F18 bay rhs) anaes RR (26) 
f do 
and, 


do = 1K, f M cos 6 d0 + K, H cos* 6 d6 + K, f V sin 6 cos 8 dd 


Bae Ke + K,) f cost 040 —r K, Mal cond diye vices (277) 
EXAMPLE 1 
As an illustration of the practical application of the equations developed, 
the stresses in the elastic carta Dine stra 


tunnel tube with the tie- 3813 Lb per Sq Ft 
rods in the ceiling were 
computed. Fig. 5 shows 
the dimensions of the tube 
and the external loads 
acting on it. In addition, 
* the sectional area of the 
tie-rods is Ay = 1.3 sq in. 
per lin ft of tunnel the 
length of the tie-rods is 
In = 29.67 ft; and the 
vertical distance _ to 


S—Li te 
Lieteddd| 
the tie-rod from the 


center of the tube is Fie. 5.—Tusr SHCTION AND LOADING USED IN 
Yu = 8.80 ft. EXAMPLE, 


Yy = 8.80 Ft 


il P, = 3813 Lb per Sq Ft | 
Ay 

[Saas 

Pee 

area 

[peas a] 


WARE! 
‘ F 

isd Center of , 

aS care TEA 
Faeroe 
ee Yl 

; or meee | 
sere? 
Ni aia 


5800 Lb per Sq Ft 


aay a ee 
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From symmetry it follows that the elastic center of the tube corresponds 
to the geometric center of the ring. The horizontal thrust, Ho, and the bend- 
ing moment, Mo, produced by the external loading, as computed by Equa- 
tions (25) and (26), are Ho = 81500 lb and Mo = 1450000 ft-lb. The hori- 
zontal distortion, Ao. at the point, yu, (with the tie-rods removed), due to the 
external loading, is computed by Equation (27): Aou = 0.248 ft. The hori- 
zontal thrust, Hy, and bending moment, Mz, at the elastic center produced 
by a horizontal load of 1000 Ib at the point, yu, as computed by Equations (6) 
and (7) are: Hy = 668 lb, and M, = 10600 ft-lb. The horizontal distortion 
of the tie-rod joint of the tube produced by a horizontal force of 1000 lb at 
Yu, a8 computed by Equation (8) is, Aww = 0.011 ft. The strain in the tie-rod 
_ 1000 x L, 

2 EF, Ay 

Substituting the values of the distortions in Equation (12) and solving, 
the unknown reaction in the tie-rods is found to be Xu = 22877 |b. In 
Equation (12), for the present example, X; = 0. The unit stress in the 
Xy _ 22877 
Anim on kad 
the direct stresses on the reactions at the elastic center and the horizontal 
distortions of the tube have not been considered in this example. 


produced by a tensile force of 1000 lb, is: Au = 0.00038 ft. 


tie-rods is: fs = = 17598 lb per sq in. The effect of 


SUMMARY 


The advantages of the equations based on the Maxwell theorem in comput- 
ing the stresses in a tunnel tube may be summarized, as follows: 


(1) The stresses in the shell and tie-rods of a tunnel may be computed by 
an adaptation of Maxwell’s theorem with the same precision as by any other 
refined method based on the theorem of least work. . 

(2) The significance of the various terms in the equations for comput- 
ing the stresses may easily be visualized. Therefore, the computation of 
stresses may be simplified by reducing them for negligibly small terms. 
Furthermore, the simplicity of interpreting the signs of the expressions for 
distortion at tie-rods is self-evident. 

(3) The “trial-and-error” changes in the dimensions of a tunnel tube 
and the tie-rods in the method based on Maxwell’s theorem will affect a 
smaller number of the terms than is the case with the method of least work. 

(4) Further simplifications may be introduced by preparing tables and dia- 
grams for the geometrical constants involved. 

(5) The method of computing stresses in the tube based on Maxwell’s 
theorem has a wide application. It may readily be used in computing stresses — 
in any other type of statically indeterminate structures. 


The necessity for a shorter and more accurate method of computing 
stresses in a tunnel tube is unquestionable. In this respect, the method pre- 


sented herein, based on Maxwell’s theorem, will be of interest to the designers — 
of tunnels. : 


won 


- December, 1936 STRESSES IN TUNNEL TUBES 1527 


s 


APPENDIX 


Notation 


The following symbols, defined where first introduced in the paper, are 
re-arranged herein for convenience of reference: 


A 


is} 


Ro. &a 


Il Il 


ee 


Il Il 


1 
= a constant; K, = E. 1? andekG w= EA? 


area of a radial section of a 1-ft length of tunnel; also, with 
subscripts, A = cross-sectional area of a tie-rod per linear 
foot of tunnel, A, referring to the upper of two rods, and 
Az; to the lower rod; 

coefficient of expansion or contraction of concrete for a change 
in atmosphere of 1° F; 

thickness of the tunnel ring; 

modulus of elasticity: E,., for concrete in compression; and Es, 
for steel in tension; 

unit stress, fs, referring to unit steel stress; 

horizontal thrust or reaction; horizontal component of force at 
any point, x, y, produced by forces on the ring between that 
point and the crown; H, = horizontal component of force at 
the crown section, transferred to the center of the elastic 
weights; Hy = horizontal component of force applied at 
the center of the elastic weights to allow for the removal of 
one-half the tunnel section; H, = a horizontal force at the 
center of the elastic weights produced by a unit force applied 
along the upper tie-rod; H; = a horizontal force at the cen- 
ter of the elastic weights, applied along the lower tie-rod; 
H+ = a horizontal thrust at the center of the elastic weights, 
produced by a change, ¢, in the temperature of the atmosphere; 

height; hy = the vertical distance from the crown to any point, 
x, y, on the axis of the tunnel ring; 

moment of inertia of a radial section cut from a 1-ft length of 


tunnel ; 


= length of a tie-rod between its intersection with the axis of 


the tunnel ring, Ly, referring to the upper of two rods and 
I to the lower rod; 

moment; the bending-moment at any point, x, y, produced by 
the forces on the ring between that point and the crown; 
M, = moment at the crown, transferred to the center of the 
elastic weights; M. = moment applied at the center of 
the elastic weights to compensate for the removal of one- 
half the ring; M, and M; = moment at the center of the 
elastic weights produced by a unit rotation in the tunnel 
ring at y. and yi, respectively; and M; = moment at the 
center of the elastic weights produced by a change, ¢, in 
the temperature of the atmosphere; Mz = the bending 
moment at any point of the tunnel tube with tie-rods, Equa- 
tion (16). : ; 

component of thrust normal to a radial plane through any point 
of the tunnel tube; 

pressure per unit area; on the 1-ft length of tunnel, p,, pe, and 
ps, = the uniformly distributed loads on the top, bottom, 
and sides, respectively, of the tunnel ring (see Fig. 5); 
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radius of a circle described from the center of elastic weights; 
the radius of the geometric center of the neutral axis of a 
circular tunnel section; é 

linear distance, measured along the axis of a tunnel section; 
ds = an element of s; ; 

change in the temperature of the atmosphere, in degrees 
Fahrenheit ; 

vertical component of force at any point, x, y, due to forces 
on the ring between that point and the crown; 


. 


elastic weight with normal stress = : 
E,A 
ds 


weight; dw = elastic weight = EL? 
¢ 


a tie-rod force, or reaction, X, referring to the upper tie-rod 
and X, to the lower one; 

a horizontal distance measured from the center of elastic 
weights; 

a vertical distance measured from the center of elastic weights; 
Yo = the distance to the neutral axis of the tunnel ring at 
the crown; y, = the distance to the upper tie-rod; yi = the 
distance to the lower tie-rod; 

horizontal distortion or displacement; Ao = the distortion at 
any point a, y, due to external loading; A, = the distor- 
tion in the tunnel ring, at Point yu; A: = the distortion at 
any point, x, y, due to a unit load applied along the upper 
tie-rod; A. = the distortion at any point, zx, y, due to a unit 
load applied along the lower tie-rod; A; = the distortion in 
the tunnel ring at yi; At = distortion at any point, 2, y, 
due to a change in the temperature of the atmosphere; 
Ao: = the distortion in the tunnel ring at Point yy, due to 


“ae ee Xy L, 
strain in the upper tie-rod = . i rs 3; Ac: = the distortion 
e . . 3 u ° ° 
in the tunnel ring at Point y; due to strain in the lower 
tie-rod = Maes : 
asia Haars 


6 = angular distance; the angle between a horizontal line through 


any point, L,Y; and the tangent to the neutral axis at that 
point; in a circular tunnel section the angular distance (cen- 
tral angle) to Point xz, y, measured counter-clockwise. 
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DEFLECTIONS BY GEOMETRY 
By DAVID B. HALL?, Assoc. M. Am. Soc. C. E. 


SyYNopsiIs 
The fundamental method for finding deflections is by geometry, rather 
than by the law of conservation of energy or the principle of least work. The 


_ few simple rules that are necessary in a geometrical analysis are given in this 


paper, and are illustrated by developing methods for calculating influence 
lines for such structures as arches, and deflections in trusses. 


GENERAL THEORY 
For the engineer who is constantly dealing with stresses, but meets only 


- occasionally with deflections or statically indeterminate structures, the methods 


of calculating deflections in terms of imaginary forces are of great assistance. 
They enable him to make computations with a minimum knowledge of the 
subject of deflections. For this same reason, however, such indirect methods as 
that of least work, or of elastic weights, tend to stand in the way of acquir- 
ing real facility in the subject. 

A simple illustration will show the real inward nature of the problem. 
Consider the four following problems. 

Problem 1.—Determine the Force X, in Fig. 1, by the Principles of 
Statics—The solution is evidently to take moments about the support; whence 
X = 2 Ib. 


x 1Lb 


| 


ll 


ewan ® 


pao : 10 F 


Fig. 1.—MECHANICS PROBLEM. Fic. 2.—GErOMBTRY PROBLEM. 


Problem 2.—Determine the Distance, 52, in Fig. 2, by Geometry—From 
similar triangles it is evident that 8 = 0.5 in. 

Problem 3.—Determine the Force, X, Fig. 1, in Some Manner Other Than 
by Statics—If the force of 1 lb is balanced by the unknown force, X, and 
the lever is rotated slightly, one side will gain, and the other side will lose, 
energy. According to the law of conservation of energy, these two changes must 


Nors.—Discussion on this paper will be closed in April, 1937, Proceedings. 
1 Asst. Engr., State Dept. of Public Works, Albany, Ny YY. 
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be equal. Therefore, continuing from the solution of Problem 2, X X 0.5 in. 
sclelb S© Lin. andy x, 1b 

Problem 4.—Determine the Deflection 6, Fig. 2, in Some Manner Other 
Than by Geometry.—Once more using the law of conservation of energy, apply 
a force on the left end and find by statics the force on the right end to 
balance it; then find how far the first force must move to balance the energy 
gained or lost by the second force in moving 1 in. This distance will be 0.5 in. 

Comment.—In the foregoing group of problems it is quite obvious that 
the simplest solution of the mechanics problem is by mechanics and the 
simplest solution of the geometrical problem is by geometry. The solution 
presented in Problem 4, however, is often referred to as the fundamental 
method of solving deflection problems. It is none other than the method of 
work. By the more usual method of presentation, the force corresponding 
to that on the right side of the lever would be furnished by elastic members, 
and, therefore, both it and the force on the left would be functions of the 
deflections and the energy would be determined by integral calculus, although 
these complications seem to be irrelevant. 

The group of problems suggests one constructive idea, however: When 
new methods for applying the geometry of deflections are being sought, there 
will usually be similar familiar methdds for solving corresponding mechanics 
problems to serve, not as substitutes, but as guides. 

Probably the most important theorem of the geometry of deflections is one 
which bears a very close resemblance to the principle of moments: 


Theorem 1.—If a body rotates about a point through an infinitesimal angle 
(in ordinary structures all deflections are treated as infinitesimal quantities), 
the component in any direction of the movement of any point in the body is 
proportional to the perpendicular distance from the line of that component 
to the center of rotation. 


The proof of Theorem 1 is quite simple. In Fig. 3 it will be seen, in the 
first place, that the actual motion of a point such as A is at right angles to 
the radius, OA, and _ proportional 
to its length. (The motion is 
numerically equal to OA X a.) If 
AC is the desired component 
of this movement, and OD is the 
radius drawn perpendicular to it, 
the triangles, OAD and ABC, are 


similar, and ae = ey 3) Yong 
ys ABBY) OA 
Fic. 3—Rovration TuroreM iWin OA X« XOD ape OD = 0D Stan | 


When dealing with deflections in terms of vertical and horizontal components, 
the foregoing theorem can be stated more conveniently as follows: 


Theorem 2.—When a body rotates about a point, the vertical displacement 
of any point is proportional to its horizontal distance from the center of rota-. 
tion, and the horizontal displacement is proportional to its vertical distance. 


} 


j 


re ee EN 
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DeEFLEcTIONS or Beams 


The simplest type of beam to investigate is a cantilever. Consider the 
beam in Fig. 4. Suppose that the moment in the shaded area causes this. por- 


Deflection = 2 aa 


L 


Fic. 4.—DkEFLECTION oF Fic. 5.—DrrFLpDcTION oF A SIMPLE BEAM. 
A CANTILEVER. 
tion of the beam to bend through an angle, a. (This angle can be calculated 


ae dL , in which dZ is the length of the por- 


by the well known formula, a = 


tion considered; M is the moment; H, the modulus of elasticity; and J, the 
moment of inertia.) Then Theorem 2 can be applied directly to determine 
the deflection at the end contributed by this part of the beam. The vertical 
M dL a latne 


EI 


deflection is xa, or L az, and the horizontal deflection is 


the complete deflection, it is necessary to add the contributions from each part 
of the beam, integrating by calculus if possible, or by dividing the beam into 
a number of sections and treating the average properties of each section. 

To find the moments in a cantilever it is only necessary to multiply the 
loads and their lever arms. ‘To find the moments in a simple beam an addi- 
tional step is required: (1) Take moments about one support and find one 
reaction; and (2) find the moment caused by this reaction. Similarly, an 
extra step is required in finding deflections in a simple beam. The process 


is illustrated in Fig. 5. Bending through an angle, a e ue), at Point A 


would produce an upward deflection, a a, at the right end if the left part were 
held fast. If the beam were then rotated as a whole until the right end rested 
on its support, the beam would assume the position which it actually does 


occupy, and the proportionate deflection at Point B would be - aa. 
In both of the foregoing examples it will be discovered that the coefficient 


of M_db is identical to the moment, m, which a unit load applied where the 


‘ deflection is measured would produce at the point that is bending. This again 


illustrates the connection between the methods of Problems 2 and 4, and 
forms the basis of the dummy load formula: 


PE eT pare (1) 
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There are two general methods of determining deflections: The foregoing, 
which might be referred to as single integration, and the method of double 
integration. The second method is particularly adapted to determining deflee- 
tions at all the division points of an irregular beam such as an arch. In order 
to have something definite and clear cut upon which to perform the various 
operations that are involved, the beam should be conceived of in the following 
manner: 


1.—Cut the beam into divisions as indicated by the dotted lines in Fig. 6. 
(The dotted lines are necessary for the explanation but are not essential in 
actual design.) 

2.—Set a point in the middle of each division. When the beam is sub- 
jected to bending the faces of Division 4, say, are turned through a certain 
angle relative to each other, the part of the axis in this division being bent 


in a curve. This angle is = , in which dZ is the length of the division. 


The same happens in each of the other divisions. 

3.—Instead of considering the divisions curved by the moments, the beam 
is assumed to consist of a series of straight lines from point to point and 
the bending to consist of a change in the angles at the joints in these lines. 
With the beam thus articulated it is a simple matter to visualize any opera- 


’ tion that has to be performed. 
dx 
3 4 


ae, 
as 
Slope = 0+ G)+a5 F~ 


Increment of Deflection” “ 
= Slope X dx 2 
Deflection= Sum of Increments: 


Fic, 6. Fig. 7—DEFLECTION BY DOUBLE INTEGRATION: 


The deflection of a cantilever by double integration is illustrated in 
Fig. 7. The process is exactly the same for a curved beam. A straight beam 
was illustrated to avoid confusing the reader with two sets of angles. For 
any other beam than a cantilever the best method is to determine the rota- 
tion at some point first and then proceed from there to sum up the angles at 
the joints. For a symmetrical simple beam, symmetrically loaded, this is 
accomplished by starting at the center where the slope is zero. It may be 
noted that the point of initial slope and the point of zero deflection do not - 
need to be the same; the first summation can proceed in one direction. and 
the second in the opposite direction. 

Influence Lines for Arches—Calculation of the influence line for the 
thrust in a symmetrical two-hinged arch (see Fig. 8) is a good ilidsieaiae 
of the foregoing method. Instead of placing a unit load at successive points 


i 


a 
= 
ry 
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_to find the displacement of the hinges, the vertical deflections of points along 
the arch due to a unit thrust at the hinges may be calculated, since by the 
theorem of reciprocal displacements both are alike. In Table 1 it will be 


Center Line 


ae ge 


Fig. 8.—Two-HINGEp ARCH. Fic. 9.—MATHEMATICAL HQUIVALENT OF 
THE BreGGs M»rHop. 


noted that the lines are double-spaced. Entries opposite the points refer 
in some manner to the individual points (co-ordinates, angles, etc.), whereas 
entries between points refer to the lines joining them (slopes, increments 


TABLE 1.—Inevvuence Line ror Two-Hincep Arcu (Sze Fic. 8) 


. ~_ | zontal y Deflection} Vertical | H influence 
Absci Ele- ise ont defleo- | Angle, 2 p increment,| deflection, factors, 
’ Point sare ment, | of arch 8 y * | tion, y (from Column (8)} 2 Column {Column (10) 
dx ee y? ry crown) |% Column | (9)-(from 627.2 
rs (2) hinge) 


(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) 
0 


Seas dL . PANG. 
of deflection, etc.). For divisions of constant length, =a is proportional to pi 


in which ¢ is the thickness of the section. For a unit thrust, M@ = y, and 


a 
« 
s 
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M dL 

KI 

is equal to > ke and the influence line is obtained by dividing the deflec- 
ih 


is equivalent to Y | The horizontal displacement between the hinges 
é 


tions for unit loads by this displacement. 

As these operations become more familiar, increasingly difficult problems 
can be solved. For example, apply a horizontal force of 1 lb at Point O, 
in Fig. 9. The moment at any point, P, will be 1 lb x y, and the movement 


Pepa 0. will be. > Ce, honzentalleane > suet, verticallys) Siam 


2 
larly, a vertical force of 1 lb will produce a vertical movement of Daa 
and a horizontal movement of = oe =. 


When these deflections have been determined it is a simple matter to com- 
pute a combination of vertical and horizontal forces at Point O which will 
cause a horizontal deflection of one unit and no vertical deflection. The 
formulas for this condition, and for a unit vertical deflection, are as follows: 

For unit horizontal deflections: 


= (xz? G) 
fg a ee BA MEO OR OOS Soc oce: 2 
B “1 
and, 
= (x y G) 
EO MSs Bilin die Bio oko hn ~ 3 
B a 
and, for vertical deflections: 
— 2 (ryG) 
een ae Ril SO ae aerate wee 4 
B 4 
and, 
= (y’ G) 
Vis os ae el 
B oF 


in which G@ = —— ; and. 
E 


B==(°@ 26) —[S@y@] 


Furthermore, it is not difficult to compute the moments and, in turn, the 
deflections at a succession of points along the structure due to these fort 
at Point O. These deflections constitute the influence line for the horizontal 
reaction at Point O in a structure fixed at Point 4 (Fig. 9) and hinged at | 
Point O, because the foregoing process is the mathematica] equivalent of 
the Beggs mechanical method for obtaining influence lines. 

This principle will be illustrated by the calculation of the constants fol 
unsymmetrical beams of variable section. If the right end of Beam AB 


RABE Te 


AR 
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(Fig. 10(a)) is fixed and the left end is rotated through a unit angle, the 


resulting end moments can be called stiffness factors. The moment at End A 


will be denoted as K,; the moment at End B will be denoted as K rcp re Gan 


Rotation = 1 


B 


(0 Ed 
nl 13 @3.52= 45.76 


Fig. 10. 


since it will be found that the fixed-end moment for either end, when the 
opposite end is rotated, is the same). Similarly, if End A is fixed and End B 
is given a unit rotation, the moment at End B will be K;. 

For the moment distribution method, K, and K, are the usual stiffness 


factors, and Kap and Kap are the carry-over factors. For the slope deflection 
method, aa 

Mas = Ki (0, — BR) + Kaz (02 — BR) + Ony...........(7) 
and, 

Mo, = Kz (02 — R) + Kaz (0. — RB) + Cos........... (8) 


in which C,,; and Cz, are fixed beam moments, the signs being algebraic. 


The method of obtaining the foregoing K-factors is as follows: The clock- 
wise rotation of End A in the simple beam in Fig. 10(b) is equal to the 
deflection of End B from the tangent at End A, divided by LZ, and can 


readily be shown to be: 


ae 


or for finite divisions, 


A) re ae 


This rotation will be referred to as gs. The counterclockwise rotation at 
Point B, is equal to: 
PNET NE ae aye ers CK 


EI 


O43 = 


| 
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= (1 — a)? dL 
EI 
as gus. To obtain the stiffness factors, K, and Kyz, it is simply necessary 
to make the rotation at Point A equal to unity and the rotation at Point B 
equal to zero, thus producing the condition illustrated in Fig. 10(a), which 

defined these factors. The necessary equations are: 


For a unit moment at Point B, ¢s = , and dz, is the same 


Ma bu am Mas Par — ed OE CIC ee is os (12) 
and, 


Mi das — Mas ds = ee ee a re Bes. (18) 


and the solution gives, 


ay he op £20. Ga (14) 
das — (baz) OD ‘ 
and, 
Mad 2 Kg gee a kde Wace ak Tha 
D 
Similarly, 


Ky= <A pen as eltaies else aa 


A typical beam is shown in Fig. 10(c), and the evaluation of these constants 
for this beam is contained in Table 2. It will be noticed that multiplying or 


TABLE 2.—Evauation. or ConsTANTS For AN UNSYMMETRICAL Bram 
(See Fic. 10(c)) 


Values 
fenton Values | of 134 Values . | Column (1) Column (1) {Column (1) 


. of (1 of X Column (2)| X Column (3)} Column (4 
Epint ry (13a)? | —13a) | (183 —13a)2| = 13? ¢, ciate y Rares “EPpy : 
(1) (2) (3) (4) (5) (6) (7) 
A* 0.017 169 0 0 2.87 0.00 0.00 
1 0.067 144 12 1 9.65 0.80 0.07 
2 0.147 121 22 4 17.79 3.23 0.59 - 
3 0.317 100 30 9 31.70 9.51 2 
4 0.657 81 36 16 53.22 23.65 10.51 
5 1.256 64 40 25 80.38 50.24 31.40 
6 1.846 49 42 36 90.45 77.53 66.46 
ve 1.718 36 42 49 61.85 72.16 84.18 
8 1.311 25 40 64 32.78 52.44 
9 0.742 16 36 81 11.87 26.71 60.10 
10 0.354 9 30 100 3.19 10.62 35.40 
11 0.167 4 22 121 0.67 3.67 20.21 
12 0.078 1 12 144 0.08 0.94 11.23 
B* 0.018 0 0" 169 0.00 0.00 3.04 
Summation...] ..... Gicle an Ba 396.50 331.50 409.94 


* One-half section. 


dividing at strategic points by the number of divisions (13) facilitates the 
numerical work. Referring to the summation of Table 2: 
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13* $1¢2 = product of Columns (5) and (7) = 162541 
13° gus" = Column (6). squared = 10989.2 
LE Tk eas CON Cy Bred a ae = 5264.9 
Finally, the stiffness factors are: _ 
Wi 100. 04056 218 = 1.31588 
5 264.9 
Kas = 381.60 x23 — 1.06409 
5 264.9 
and, 
g 13? 
Ke ODOR OU) Cee ne = 1.97274 
5 264.9 


The stiffness factors having been calculated, it is now a simple matter to 
apply the equivalent of the Beggs method for finding the fixed-beam end 
moments. To obtain actual numerical values for the moment at Point A, the 
deflections must be determined while End A is rotated through a unit angle 


TABLE 8.—Computation oF Fixep-Brau Moments 


Caz Cpa 
F Elastic ; ; 
Point factor, Values of bales os eee fi Values of Values of eee 
a Moment M dL (from (from Moment M aL (from (from 
3 8 Point B) | Point A 8 Point A) | Point A) 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 
} ’ 3.5196 
J Saeetadserg 0.017 4.6319 0.0787 0.000 3.7456 0.0637 0.000 
34409 i 0.0637 
Pe snare loves 0.067 3.9875 0.2672 3.441 3.1129 0.2086 0.064 
i : 4 3.1737 0.2723 
A SOB Eee 0.147 3.3431 0.4914 | - 6.615 2.4801 0.3646 0.336 
F 2.6823 0.6369 
Baar satssin0 0.317 2.6986 0.8555 9.297 1.8474 0.5856 0.973 
1.8268 1.2225 
MB reaeicc ee 614 0:007 2.0542 1.3496 11.124 1.2146 0.7980 2.195 
: 2 0.4772 2.0205 
Dilveisa picnics 1.256 1.4098 Digan 11,601 0.5819 0.73809 4.216 
: —1.2935 2.7514 
BNO! ai cicisis's > 1.846 0.7654 1.4129 10.307 —0.0508 | —0,0938 6.967 
. —2.7064 2.6576 
Vics SOC 1.718 0.1209 0.2077 7.601 —0.6836 | —1.1744 9.625 
; —2.9141 1,4832 
Bees cco a's 1.311 —0.5235 | —0.6863 4.687 —1:3163 | —1.7257 11,108 
—2.2278 —0.2425 
De rstemiet t<i0 0.742 —1.1679 | —0.8666 2.459 —1.9490 | —1.4462 10.866 
Sr er an May eg Ra hy 
Misiafelsials Sieie 354 —1.8123 | —0.6416 .09 —2. —0. ‘ 
M ee —0.7196 —2.6027 
BEL er fesctasevs%s\< 0.167 —2.4568 | —0.4103 0.378 —3.2145 | —0.5368 6.574 
| aed i) 3.ea73| 0.2001] | 3.438 
] ae 2 —3.1012 | —0.2419 .069 —3. —0. ; 
BLE, 575 305° 0.078 3.10 | Le oers 3) 4806 
assist (scsys.2 0.018 —3.7456 | —0.0674 0.0016 || —4.4800 | —0.0806 0.0049 


(Check) —3,5202 | (Check) 
ee eeneeaea==a=S=S$S$$$<q0Q0000uQQqq0S=S0=09090NESaon_[{—=xquu_—=02x290:=>—’ 
and End B is held fixed, exactly the same as in a mechanical model. Referring 
to Fig. 10(a), it is evident that this condition can be realized by applying at 
End A the moment, K, (= 1.81588), and at End B the moment, 
K., (= 1.06409). Since one of the operations will consist of multiplying 
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the various slopes by dL (see Fig. 7), it will save work to do this in advance, 
by using the moments, K, X 3.52 = 4.6319, and Kus X 3.52 = 3.7456. The 
moments along the beam vary between these two values by thirteen equal 
increments, so that they are very easily tabulated (see Column (2), Table 3). 


Multiplying by als (or, 2) gives the angle at each joint; one summation 
EI 8 


gives the slope of each section (note that the slope at End A equals 3.52 as a 
check); and the second summation gives the ordinates of the influence fine, 
A similar operation gives the same data for End B (Columns (6) to (9), 


Table 3). 
The values of the moment increments are: 
For Column (2): For Column (6): 
3.52 K, = 4.6319 3.52 K, = 4.4800 
3.52 Kar = 8.7456 8.7456 
8.38775 8.2256 
Increment = — = 0.644493 —_— = 0.632738 


This same method is well adapted to calculating influence lines for fixed 
arches, especially if the redundants are taken at the elastic center of the arch. 
It has been used successfully on unsymmetrical two-span arches, such as those 
illustrated in Fig. 11(a). In this case the statically determinate base system 
and the redundant forces, X, were assumed to be as shown in Fig. 11(b). The 


@ 


Fic. 11—A Two-Span FramMp, 


three deflections due to each of the three redundants were calculated; then, for 
each influence line, three simultaneous equations were solved to make the corre- 
sponding deflection unity and the other two deflections, zero ; and through each 
of these stages a record was kept of the rotation of the top of the center pier, 


to serve as a starting point for summing up the changes in direction from 
point to point. 


Truss DEFLECTIONS 


The geometry of trusses, if anything, is even simpler than the geometry 
of beams, since a few definite members take the place of continually changing 
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infinitesimal elements. Most of the methods of stress calculation, both 
graphic and analytic, have some kind of a counterpart in deflection calculation. 
There is a distinction, however, in the case of resolution of forces or displace- 
ments at a joint. From the law of conservation of energy, it will be observed 
that the relation between displacements is only the reciprocal of the relation 
between forces, since the product of forces and displacements must be constant. 
The relation of forces at a joint can be represented by a force triangle or 
polygon, and the relation between displacements, therefore, automatically can- 
not. This is the reason that Williot diagrams are inherently more compli- 
cated than stress diagrams. For this same reason the dummy load method 
expedites deflection calculations for single joints or panels. 

For complete truss deflections it is preferable to deal with rotations, just 
as a majority of stress calculations are made by moments. Most of the condi- 
tions that can arise, are illustrated by Fig. 18. Consider the deflection at A 


Deflection 


Fic. 13.—-DEFLECTION OF A CANTILEVER TRUSS. 


due to a change in length of Member CD. The part of the truss bounded by 
Points d, D, F, and f will remain fixed in place. The part bounded by Points 
d, CO, A, and b will rotate as a unit about Point d. The extent of this rotation 
is the stretch of Member CD divided by the perpendicular distance from OD 
to Point d, and the vertical movement of Point A (or any other point on 
the moving part of the truss) is equal to this rotation times the horizontal 
distance to Point d. If the member, dF, stretches, the polygon, dDAb, will 
rotate about Point 0. This motion can also be treated as a combined transla- 
tion and rotation about Point D or Point H, expressed entirely in terms of 
the dimensions of Panel dDEe’. 

For a change in length of Member Cd, the rectangle, dDCc, is distorted 
into a parallelogram, and the remainder of the truss is displaced without rotat- 
ing. The movement is equal to the change of length of Member Cd (AL) 


2 Hngineering News-Record, November 1, 1984, p. 565; and Proceedings, Am, Soe. C. H., 
February, 1936, p. 272. 
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times ac as shown in Fig. 13(b), because the triangle, CC’ C”, is similar 
dD 
CO" aC 
to Triangle dDC, and ==. 
oO Tiangie an i oo 7q D 


The actual systematic computation of the deflection of a simple truss is 
shown in Fig. 14 with Table 4. In Fig. 14, the upper values denote changes 


D_0790(~D-F) EF 


0.813 (c-e) 

¢ 0.650 a e 0330 ff 
yee ES a a © aca Oo 

Symmetrical About 
Center Line 
Fig.| 14.—Drrnection oF A SIMPLE TRUSS 

of length, AZ; and the lower values denote the factor, = AL, for chords and 
oe AL for diagonals. In a simple truss of.this type no algebraic signs are 
50 


required since the deformations of all members contribute to downward deflec- 


TABLE 4.—DeErtections or A Simpte Truss 


Corps Main 
: panel Secondary 
Panel Points —_—_——_— | Diagonals oints Verticals panel 
(see Fig. 14) Column 2), points 
Rotation Slope + Column (3) 
(1) (2 (3) (4) (5) (6) 
Qian mte Nein. 0 
2.838 0.690 
Bic cthsicieysie, ate 0.602 (B) 3.528 0.320 (b) 3.848 
2.236 0.853 
(cat aT 0.624 (c) 6.617 0.033 (C) 6.650 
1.612 0.606 
Dre a Merck 0.650 (D) 8.835 0.320 (dq) 9.155 
0.962 0.675 ‘ 
CPR COM INO 0.632 (e) 10.472 0.033 (E) 10.505 
0.330 0.242 
Teta tte tee os 0.330 (F) 11.044 0.320 (f) 11.364 


; 
tion. An alternative method of solving this problem, based on single, instead 
of double, integration has been presented elsewhere® by the writer. 


Scope OF THE GEOMETRICAL METHOD 
Only a few specific applications of the theory of determining deflections 
by geometry have been presented herein. However, what the writer particu- 
larly wishes to emphasize is that a familiarity with the basic rules, comparable — 
with the average engineer’s familiarity with forces and moments, will make 
it possible to improvise methods for solving problems which formerly appeared — 
to be quite difficult. 


SO a EE EE 
Pesuary aed Agee ae June 7, 1934, p. 746; and Proceedings, Am. Soc. C. B. 
January, 1936, 134. Pp 98, oe Co He 
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For any one who is interested in acquiring proficiency in this method, a 
few suggested exercises are as follows: 


(1) In a three-hinged arch, write the formula for the deflection at some 
point on one side due to an angle at some point on the other side. This 
involves one more operation than a simple beam, just as the simple beam 
requires one more operation than a cantilever. 

(2) Prove the second part of Theorem 8 directly by geometry. 

(3) Devise a method for calculating the dead load moments in a two- 
hinged arch such as in Fig. 8. Then, find what the dead load moments will 
be if the base is fixed, not by beginning over again, but simply by finding the 
rotation of the base of the two-hinged arch and then eliminating it, using data 
on hand as much as possible. 
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FILTER SAND FOR 
WATER PURIFICATION PLANTS 


PROGRESS REPORT OF THE COMMITTEE OF THE SANI- 
TARY ENGINEERING DIVISION ON FILTERING 
MATERIALS FOR WATER AND SEWAGE WORKS 


The Committee on Filtering Materials for Water and Sewage Works 
presents herewith its report covering an extended investigation of filter sand 
for water-works. The report is in two sections; Part I includes certain gen- 
eral statements with reference to filter sand for water-works, and Part II 
presents the detailed results of experimental studies. These studies, begun in 
1926, have been received with much interest by many water-works men, and 
have inspired a number of other similar investigations. It is significant that 
as many as sixteen cities were sufficiently interested to set up the experimental 
test filters and do considerable work in co-operation with the investigations. 

The studies have dealt only with sand as a filtering medium, and do not 
include other less extensively used materials, such as anthracite coal. 


PART I—GENERAL REPORT 


Scorre or INVESTIGATIONS 


Consideration of the problem of filter sand for water-works by the Com- 
mittee has related mainly to several series of experimental studies under the 
direction of James W. Armstrong, M. Am. Soc. C. E. These studies may 
be outlined briefly as follows: 


(a) During 1927, batteries of seven glass-tube filters were set up by nine 
co-operating cities using sand supplied by Mr. Armstrong in layers of various 
sizes and with various depths. The results of these tests indicated that too 
many variables had been included in both the filter sand depth and in the 
operating technique. 

(b) The second series of experiments was begun during 1932, using the 
same type of equipment, but with a uniform sand depth in all filters and a 


2.— ted at the meeting of the Sanitary Engineering Division, New York, 
N. oor 1936. Discussion on this report will be closed in April, 1937, 
AE aiaaehe tt f the Sanit Engineering Division on Filtering 
1 Report of the Committee o he Sanitary Hng rit Jivisi I C 
Miferiale tor Water and Sewage Works, Proceedings, Am. Soc. C. E., April, 1928, Society 
Affairs, p. 243. 
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uniform laboratory procedure.? Mr. Armstrong again- furnished all the sand — 
sieved to specified sizes. This series of tests produced many valuable data 
on lengths of filter runs, wash-water efficiencies, sand rise curves, and some 
information with reference to floc penetration. 

(c) During 1934, a series of experiments was run with each glass-tube filter 
filled with sand of a uniform size. Experiments of this nature were con- — 
ducted at Baltimore, Md., and Toronto, Ont., Canada. Data on lengths of 
filter runs, wash-water efficiencies, and penetration of floc were obtained. The 
equipment used, the laboratory technique, and the results obtained, are 
described by Mr. Armstrong in Part II. 


There has been some discussion, by engineers and others, of the proper 
procedure for the study of filter sands for water-works. The Committee has 
been of the opinion that, as a practical matter, a knowledge of filter sand in 
water filters will be obtained in a larger measure from the results of actual 
operation of filter plants and experimental filters than from theoretical hydrau- 
lic computations. Many variables enter into the operation of a filter bed, and 
considerable time and study will be required to determine the fundamental 
basis for studying the separate effect of each of the variables. However, the 
study of the theoretical and fundamental hydraulic basis for the action of 
various filter media should be encouraged. 


ReEsutts or EXPERIMENTAL Work 


The detailed results are presented in Part II, and a brief statement only 
will be given here. The curves showing the relation between length of filter 
runs and sand sizes indicate quite clearly an increase in length of filter run 
as the sand size increases. The curves for efficiency of washing also show 
better results as the size of the top sand increases to a value of about 0.6 mm. 
The data on penetration of floc obtained by Mr. Armstrong at Baltimore and 
by Mr. L. F. Allan at Toronto, show a marked increase in penetration with 
increase in sand size and the need for a relatively deeper sand bed for the 
sizes of sand. 

The later studies by Mr. Armstrong suggest a method for determining the 
proper depth of sand bed, taking into account the size of sand particles of 
‘which it is composed. Further consideration of this may be warranted, 
particularly with reference to bacterial pollution in the raw water. 


LIMITATIONS OF EXPERIMENTAL Work 


‘The experimental work was limited to small glass-tube filters. It is 
believed, however, that the results are indicative of those that could be 
obtained on larger test filters, if they were as well controlled. John R. Baylis, 
Assoc. M. Am. Soc. C. E., has reported tests on experimental units of various 
sizes which show that the results obtained from glass-tube filters are reliable 
as compared with those from test filters with larger surface areas. 

The tests cover some variation in the general character of water. There is 
still some uncertainty as to the application of the test results to all conditions. 


2“Wilter Materials for Water and Sewage Works” 
p. 158; also, April, 1935) paso" g orks”, Civil Engineering, ‘March, 1934, 


—— 
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Extensive tests at Kansas City, Mo., using the highly turbid Missouri River 
water, give somewhat divergent results that have not as yet been explained 
satisfactorily. 

Any relatively short series of experiments must be considered to produce 
results which are only indicative of those to be obtained with plant scale 
operation and with the large number of variables which enter into and cannot 
be controlled so well in the plant scale operation. 


Design Factors 


Any consideration of filtering materials should be related to the other 
elements of the filtration plant. The design of such a plant must take into 
account several major items, in addition to filtering material, such as: 
(a) Quality of raw water; (b) capacities for the plant and its elements; 
(c) type and extent of pre-treatment; (d) arrangement and structure of the 
several plant elements; (e) hydraulics of the plant elements; (f) wash-water 
rates and methods of application; and (g) miscellaneous or auxiliary equip- 
ment and plant fixtures. 

In the practice of water purification plant design and maintenance, these 
various factors have generally been considered of greater complexity and 
importance than the question of filtering material, and it has been the general 
practice to standardize such filtering material upon the basis of experience 
and regardless of the other factors entering into the design of the plant as a 
whole. Although this practice has generally produced satisfactory results, in 
some instances the original selection of the filtering material upon such a basis 
has not proved to be the most desirable. 

It appears likely that in the future somewhat greater attention should be 
given to the selection of the filtering material, together with more careful 
consideration of other factors entering into filter plant design. Initial or con- 
struction costs as well as operation and maintenance costs are important and 
frequently are the deciding factors in the selection of the filtering materials. 


OPERATING CONSIDERATIONS 


The conditions under which a given filter plant must operate and the 
character of water it must handle are quite variable from day to day, from 
season to season, and from year to year. The filter plant as a whole, including 
the filter itself, should be designed to meet these variations and to give a good 
quality of filter effluent at all times, including periods when the raw or applied 
water is of inferior quality. 

In some cases, the: water may be difficult to pre-treat and, at times, with a 
given filter the pre-treatment may be insufficient, or an unusual variation of 
quality of the raw water may occur. The filter is the last, and should be a 
secure, line of defense. Although it is true that under certain conditions the 
operation of the filter plant may be facilitated during the major portion of 
the time, by the use of a coarser sand, nevertheless, the designer must give 
some consideration to those possible infrequent periods of relatively severe 
loading and should select the material accordingly. 
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PRESENT ENGINEERING PRACTICE 
To obtain data on present practice in filter plant design with reference to 
sand size and wash-water rates, an inquiry was sent to about twenty-two con- 
sulting engineers selected from the “Directory of Engineers”, in Engineering 
News-Record. Data from the answers received are summarized in Table 1. 


TABLE 1.—Present Practice iv Recarp To Sanp GRADATION 
AND WaASH-WATER RatTEs 


Sanp GRADING Wash-water 
Authority |————_————————_ rate provided for, 
No.: Size, in Uniformity: in inches of rise Remarks 
es coefficient per minute 
Wapiera-oxhteycte 0.45-0.55 1.6 36* Anticipate some variation or reduction in 
maximum wash-water rates by surface 
washing, or by some similar development. 
AER Deo he 0.35-0.44 1.65 py en. ee oe oo Se Sa ori ra BOD 
siete aie oot yet NBiD) IP Srnasosues || Deenonaodhasonc Favors air agitation. — f ; 
Yaa ornbic EN Wocecrcie ete. 30-36 Main objective to obtain efficient 24-in. wash. 
OCR On 0.55-0.65 1.6 42 Recent design for special conditions. 
Goer stent 0.40-0.45 1.65 SE ire: oe preteen. ol alten Wie oh ta as 5 6c oneal > 
Tiere siptevels 0.38-0.45 1.5 ys, ne Peer Reet nr ea iy ees 
Sieesacs 0.40 1.60 36 30%, size 0.50 mm. 
QPRES. Le 0.40-0.45 1.6 24 Favor other methods of cleaning sand. 

LO ore wisreisiee 0.40-0.50 15 30 Maximum seldom needed. 

LR one 0.40-0.45 1.6 18-30 By adjustable pressure valve. 

ED at ase 0.40-0.50 1 24t eee determined by 10-lb. pressure on 

ter. 

Le histce sceese 0.50-0.55 1.6 42 Finds that provision for liberal wash-water 
sete dom not add materially to cost of 
plant. 

Lae satel ses 0.40-0.50 1.6 BOOT OY Sead crticuctetetels) sheleystere ate a) eee ane 

LS /a'es Sieyetaie 0.40-0.50 1.75 Se terete Step hae es ee et I AS Soe 

: Bae 0.43-0.47 1.5 32 20 gal per sq ft. 

Dy eee 0.35-0.45 2.5 36 Trend of this office has been toward larger 

is Ae ie S sand size and higher wash-water rates. 

TOM eee |kOL45-0.55 1.5 30 sik ss dpabik Sanu tes Poagee ce en 

ZOE sass 0.40-0.45 1.5 24-27 


+ Minimum. c 
{Size by sieve numbers and percentages. 


awh 


With one exception (Authority No. 4) all the engineering offices use the 


so-called Hazen method for designating sand gradation. The answers in 
several instances indicated a trend toward a somewhat coarser sand. It is 
also of interest to compare the present practice of these several engineering 
firms with the data collected in 1932 by Engene A. Hardin, M. Am. Soe. C. Be 
covering filter plants in forty-eight cities.* The sand size used in the several 
plants may be summarized as in Table 2. 


TABLE 2.—Size or Sanp, Puants Buitr Prior to 1932 


EFFEectiveE Size Sanp Size Equat To oR LARGER THAN GIVEN SizE 
Sand size, in millimeters Number of plants Percentage of plants 
0.31 62* 
0.40 48 7 
0.50 a7 18 
0.60 5 8 


TP en ee a Vea Se. SS 
* Certain cities reported two or more filter plants, others reported more than i 
limits of the sand size used were: Average, 0.44; minimum, O31: and mani: 0.62." of sgn 


3 Journal, Am. Water Works Assoc., Vol. 24, No. 8, p. 1190, August, 1932. 
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There is also a tendency on the part of some engineers toward a higher rate 
of wash. Again, the data on wash-water rates collected by Mr. Hardin may be 
summarized as in Table 3. 


TABLE 3.—Wasu-Warer Rares, Puants Bumr Prior ro 1932 


Wash-water rate, in inches Rate Equat To oR GREATER THAN GivEN RATE 
rise per minute 
Number of plants Percentage of plants 
12 61 100 
24 41 68 
30 12 20 ; 
36 4 7— 
40 0 0 


The limits of the wash-water rates reported were: Average, 23; maximum, 
38; and minimum, 12. 


DESIGNATION OF SAND S1zE 


There has been considerable discussion of the proper method of designating 
sand size. Mr. Armstrong believes that the character of filter sand can be 
adequately revealed only by plotting the results of sieve analysis, and that 
the top size is more indicative of its character than the Hazen “effective size.” 
Certain engineers have specified sand by actual gradations. Mr. Baylis has 
recently published a method* which seems to fit his experimental data quite 
well. The so-called “Hazen method”, wherein the 10% size is taken as the 
effective size, has been quite widely used. This method is so deeply rooted 
that it will be difficult to replace it. Furthermore, it is easy to apply and 
seems to give fairly reliable results. 


SuMMARY 


The present trend of engineering practice indicates a range in effective 
size of sand between the approximate limits of 0.40 mm and 0.55 mm, with 
some indication of a tendency to adopt the coarser sands where permitted by 
consideration of the various other factors entering into plant design and 


maintenance. The results of Mr. Armstrong’s experimental work appear, in 


general, to justify this practice. 

While these studies did not embrace the entire range of variables of plant 
conditions, the coarser sands indicate the following general tendencies: 
(1) They produce longer filter runs; (2) they produce better “efficiency of 
wash”, as defined in Part II; and (3) they permit greater penetration of floc 
and thus necessitate a thicker sand layer. A number of additional general 


~ conclusions based on the experimental work are set forth in Part I, follow- 


ing the presentation of the test results. 
The present status of the art of water filtration includes many unsettled 
Tt is not feasible to fix any definite limits for sand size without 


factors. 


4 Water Works and Sewerage, Vol. LXXXI, No. 5, p. 162, May, 1934. 
5“The Status of Methods for Examining Filter Sand Used in Water Purification 
Practice’, by Paul Hansen, M. Am. Soe. Cy E., Proceedings, Am. Soc. C. H., April 1927, 


Society Affairs, p. 168 


| 
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giving consideration to the other factors, including costs, that enter into the 
design and operation of a filtration plant. 

The Committee believes the results of the present study will have a 
decidedly beneficial effect on water filtration practice. 


PART II.—DETAILED RESULTS OF EXPERIMENTAL STUDIES 


INTRODUCTION 


In recent years, the difficulty of keeping filter beds clean, the trouble inci- 
dent to clogging of the sand, and the shortening of filter runs, have been the 
subject of much discussion. Filter operators and engineers are frequently 
being confronted with the question of whether or not the size of sand and the 
depth of bed most generally accepted as standard are, after all, those best 
suited to filter requirements. 

There are too many factors entering into the problem of determining a 
proper specification for filter sand to arrive at any satisfactory conclusion 
along purely theoretical lines. Therefore, an effort to answer empirically 
some of the questions was undertaken through a series of experiments, which 
were conducted through the co-operation of filter plant operators who had 
the time, training, and equipment necessary for carrying on such work. 

Locations were selected so as to secure a wide range in the character of 
raw water to be filtered. The following types were used: The highly turbid 
and alkaline waters of the Middle West; the water from the Great Lakes, 
which contains great numbers of organisms; and the softer and more highly 
colored water of the Atlantic seaboard. Experiments covering waters so 
diverse in character should be more valuable and of greater weight than 
similar experiments conducted in a single locality. 

All experiments of the series begun in 1932 were conducted as far as 
possible under identical conditions. The co-operating cities used similar sand 
and worked under the same instructions governing the details of the experi-— 
ments and the technique to be used. . 

During 1934, experiments were conducted at Toronto and Baltimore on 
sand filters of uniform size. From the data secured, formulas were devised 
for designing a filter bed of unscreened sand. The labor involved was con- 
siderable, and a slightly different technique was developed independently in 
each place. It was thought best not to try to secure exact harmony in methods, 
especially as the results obtained are in fairly close accord. 


Score or EXPERIMENTS 


Three criteria were selected for judging the suitability of any particular ~ 
filter sand: (1) Its efficiency in removing suspended matter from the water _ 
coming on to the filters; (2) its ability to pass a large volume of clear 
water between washes; and (3) the ease with which it can be cleaned by the 
application of wash-water. 

In the course of conducting the experiments, a number of lesser but inter-_ 
esting matters were investigated, such as the effect of the viscosity of water 
upon the washing of the filter bed; and the hydraulic grading of the sand. 


: 


December, 1936 FILTER SAND FOR WATER PURIFICATION PLANTS 1549 


Experiments were also run on eight grades of sand of uniform size, in order 
to determine the minimum depth of bed that will deliver a clear effluent with 
an 8-ft loss of head. 

No effort has been made to determine the laws governing the flow of clean 
water through clean sand. Although such experiments would be of consider- 
able interest, it is believed that there are too many variable factors entering 
into the problem of filtration to make such investigations of immediate prac- 
tical value, and that they would be of little help to any one charged with the 
responsibility of selecting filter sand or of operating a filter plant. 


SELECTION oF SAND S1zEs 


The eight top sizes used in the 1933 experiments were thought to cover the 
entire range that could be expected in filter plant operation, the finest being 
0.87 mm and the coarsest, 1.75 mm. It was anticipated that the finest size 
would give runs altogether too short for the best operating conditions, and 
that the coarsest would probably pass floc very shortly after the filters were 
put in operation. 
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Fic. 1—DkEptTH AND GRADING OF SAND USED IN EXPERIMENTAL IILTERS. 


1550 FILTER SAND FOR WATER PURIFICATION PLANTS Reports 


Throughout these experiments, no effort was made to define sand size in 
terms of effective size and uniformity coefficient, as the sand was graded 
arbitrarily in layers of predetermined depth and size. The depth of the 
different sizes in each is shown in Fig. 1. 

The term, top size, was generally employed to designate that of a specific 
filter, and it was used whenever sand sizes were required for plotting curves. 
The term, effective size, as ordinarily employed, was not used, because with the 
sand grading as determined upon for these experiments, it seemed to have no 
real significance; as with the fine sands, most of the work of filtration occurs 
in the sizes finer than the 10% size; whereas, with the coarse-grained sands, 
most of the work is effected in the part of the bed containing materials larger 
than the 10% size. 


TABLE 4.—Cuaracteristics or Firrer Sanp, Bautrmore, Mp. 


eS Fittpr Nos.: 
Description 


1 2 3 4 5 6 7 8 
Effective size, in millimeters................ 0.42 | 0.49 | 0.57 | 0.73 | 0.94 | 1.08 | 1.52 | 2.06 
Uniformity cocticient. «2... ici sieie pisces clashes 2.78. | 2.58 |.2.54. | 2.221.215.) 27050). 2298 i iow 


For the sake of those who are used to thinking in the terms usually 
employed, the effective sizes and uniformity coefficients of the sands from 
the eight experimental filters at Baltimore, are given in Table 4. The values 
were determined in the usual manner. 


Basic CONSIDERATIONS AND DEFINITIONS APPLYING TO THE EXPERIMENTS 


Clean Sand.—All filter runs shall be started with clean sand. 

Clear Water.—A filter effluent is considered clear when its turbidity does 
not exceed 0.2 ppm, as determined by a Baylis or similar turbidimeter. 

; Filter Runs.—A filter run is considered complete when the loss: of head 

reaches 8 ft, the rate of filtration being about 125 000 000 gal per acre per day 
and the effluent is clear, or when the turbidity of the effluent exceeds 0.2 ppm. 
The condition reached first terminates the run. 

Rate of Filtration—The maximum rate of filtration shall be 125 000 000 gal 
per acre per day, and filtration shall be maintained as nearly as possible at 
that rate. 

Properly Treated Water.——A water is properly treated when it contains 
no colloidal turbidity. 

Colloidal Turbidity—Colloidal particles are those having a diameter less 
than 500 m mu (millimicrons). Accurate detection of colloidal particles is 
only possible by the use of the ultra microscope, which utilizes the principle 
of the Tyndall light beam, converging at a small point and reflecting the’ 
illuminated particles. Particles with a diameter of less than 20 m mu will 
not settle under the influence of gravity. 

Laboratory Tesi.—A laboratory check for determining a properly treated 
water is to filter a quantity through very fine-grained filter paper. Any 
turbidity in the filtrate is considered to be of colloidal dimensions. 
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Bacterial Tests—Some of the cities were already doing all the bacterial 
work their laboratories would permit, and others pre-chlorinated their water, 
making bacterial tests on individual filters useless. In view of these difficul- 
ties, and in consideration of the fact that in regular plant operation a spark- 
ling clear filter effluent is usually of good bacterial quality, it was decided not 
to make any bacterial tests. 

Critical Depth.—Critical depth is the term used to designate the maximum 
depth to which silt will penetrate into a bed of uniformly graded sand up to a 
loss of head of 8 ft when the filter is delivering a clear effluent, at a rate of 
about 125000000 gal per acre per day. It is defined as that point beyond 
which the turbidity of water washed from the portion considered is less than 
10 ppm, when the volume of wash-water used is in the proportion of 1 liter 
to each 4 in. of sand depth. The volume of sand thus represented is 
approximately 19.75 cu cm, and its weight is approximately 30 grams. 

Turbidity Factor—The term, “turbidity factor”, was used to designate 
the product of the turbidity of a quantity of water, in parts per million, multi- 
plied by its volume; in liters. It is used in the formula for determining the 
efficiency of wash and applies only to the wash-water collected from the primary 
and secondary washes of the small experimental filters. 

* Top Size.—Top size is the term applied to the rated size of the sand in 
the top layer of a filter bed. 


Gravina or Finrer Sanp 

Although the grading of filter sands shown in Fig. 1 was purely arbitrary, 
and could not be secured by using any natural sand, a definite method was 
followed. Each filter contained a total of 24 in. of sand. Ten different sand 
sizes were used in the experiments. The first filter was filled with ten different 
layers, each 0.2 ft in depth. In the second filter, the finest size was omitted 
and the tube was filled with layers of equal depth of each of the nine remaining 
sizes. In each of the succeeding filters this process was repeated, until in 
Filter No. 8 there were only three sizes, each 8 in. in depth. This arrangement 
produced in each filter a progressive grading of sand with sufficient depth 
in the top layer to remove most of the suspended matter coming on to the filter, 
except in the coarse-grained filters. 

A great quantity of sand was screened through laboratory sieves for the 
graded sand tests, and it was not re-screened. As a result, some irregularity 
occurred in the grading used in the various places, which affected to some 
extent the results of the tests. In the experiments with sand of uniform size, 
all the sand was carefully re-screened and any fine material that remained in 
the tube after hydraulic grading, was removed. 


Hours or SERVICE 
One of the surprising things revealed by the experiments is the fact that 
Filters Nos. 7 and 8, which had a top sand size of 1.17 and 1.75 mm, respec- 
tively, frequently gave long runs without passing floc. The average time of 
service of Filter No. 8 in all co-operating cities was approximately 180 hr. 
A study of the curves showing the relation between sand size and hours of 
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service (Figs. 2, 3, and 4), both those of the composite type, and those of the 
individual runs of the various cities, showed with a few exceptions an increased 
length of service as the size of the sand inceased. The position of the curves 
from the different cities varied considerably in the hours of service scale, but 
when the composite curves of these cities are compared, they show a more 
uniform trend than would be expected from the individual filter runs. 

In Richmond, Va., Chicago, Ill., Tulsa, Okla., and Baltimore, Md., most 
of the runs of Filters Nos. 1 to 5, inclusive, were terminated by loss of head. 
In Filters Nos. 6 to 8, inclusive, the runs were more frequently terminated by 
passing floc than by loss of head. Baltimore had one, Toronto two, and Tulsa 
five runs of Filter No. 8 that were terminated by reaching an 8-ft. loss of head. 
The very short runs of Chicago and Cleveland, Ohio, can be accounted for 
by the presence of large numbers of micro-organisms in the raw water. 


Sand Size in Millimeters (Baltimore) 
0.37 0,430.50 0.60 0.76 0.95 7 1.75 
Filter Numbers (Baltimore) 
240 hen) 4 5 6 7 8 
Composite - 2nd Series - Uniform Size Sand- Baltimore —, 77 
200 ae eee ere eae 1G Runs 936°, 69°F fi 
oa 
o 
> 160 ; aay a 7 
RE Composite - 1st Series - Graded Sand-All Cities 
o 75 Runs -33° to 84°F 
oa 
+ 120 
° 
2 | 
= 80 eM ie ae zp 
i 
= 
= cea 2nd Series | 
40 1 ! 4 Uniform Size a 
Toronto 
8 Runs-35° to 56°F 
| 
os 2 3 4 5 6 
Filter Numbers (Toronto) 
0.251 0.355 0.503 0.711 1,000 1.409 
Sand Size in Millimeters (Toronto) 


Fic. 4.—RELATION BeTWHDEN SAND SIZE AND Hours oF SmRVICE: 
COMPARISON OF COMPOSITE CURVES, 


A comparison of the composite hours-of-service curves of the 1933 graded 
series for all cities and the 1935 uniform series for Baltimore (Fig. 4), shows 
a surprising similarity of trend and position except for Filter No. 8. A com- 
parison of the graded series with the uniform size series indicates that some 
of the runs in the graded series were probably terminated before the floc pene- 
trated beyond the top layer. The sand in Filter No. 8 of the graded series 
was not deep enough, and the runs were generally terminated by the passing 
of floc, which accounts for the flatness of the slope in the curve. The runs 
for the Toronto uniform series (Fig. 4), are shorter than those made at Balti- 
more, but they are comparable with those at other places where the number 


of micro-organisms is high. 
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Micro-OrGANISMS 


Tt will be noted from the curves that the lengths of filter runs are very 
much shorter in some cities than in others. The shortest runs were observed 
in cities the water supplies of which were taken from the Great Lakes or from 
large impounding reservoirs. The presence of organisms in sufficient num- 
bers to shorten filter runs materially, occur more frequently in late summer 
and fall, but organisms sometimes appear in large numbers at other seasons 
as well. If, in some localities, filters containing sand of a given size show a 
marked decrease in length of runs, the possibility of trouble with micro- 
organisms should not be overlooked. 


WASHING FILTERS 


It is extremely desirable that the filter beds should be kept clean and that 
there should be as little residual sediment left in the sand bed after washing 
as possible. In an ordinary filter plant it is not possible to determine how 
much sediment is actually left in the bed, but it is known that, after a few 
years, it sometimes becomes necessary to remove, wash, and replace all the 
filter sand in a plant. 

Considerable was learned,about the washing of filters by simply observing 
the behavior of the sand under the influence of wash-water. In the filters con- 
taining fine sand, the penetration of floc was very slight. A thin layer of 
compact sediment forms over the top of the sand surface, which is readily 
broken under the influence of wash-water. However, instead of being carried 
out with the ordinary floc, portions of it settle back into the sand bed. The 
wash-water does not easily clean fine-grained filter beds, and floc will often 
adhere to the individual grains after being subjected to a velocity sufficient 
to lift the sand over the gutters in ordinary filters. The floc adhering to the 
fine grains reduces their specific gravity and, because of the high expansion 
of the sand, the space between the individual grains is increased to the point 
where the velocity of the wash-water is not sufficient properly to remove the 
turbid water, unless it is increased to a rate that would endanger the loss 
of sand. 

There are three reasons why the fine sand is not properly cleaned during the 
washing period: The fineness of the small grains makes it possible for the floc 
~ to envelop them entirely, the irregularity of their surfaces makes it difficult to 
remove the floc after it has become attached and at ordinary rates the sand 
expansion is great enough to prevent the striking together of the grains with 
sufficient force to loosen the floc, and the mass of each grain is so small that 
there is little effect when they do strike. Even in the laboratory, where the 
sand is put in a beaker with water and stirred with a glass rod, it is very 
difficult to remove all the floc. 

The behavior of the filters containing coarse sand is very different. The 
filter runs are materially longer, and produce an accumulation of loose floc on 
top of the filter that does not, except after very long runs, form into a tough 
cake as it does in the fine sand filter. Eventually, the floc in the filters with 
coarse sand will penetrate to the bottom of the sand layer, but it takes a 
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surprisingly long time. Upon washing, the mud cake on top of the filter is 
generally easy to break, and particles do not often settle into the filter bed. 
A higher velocity of wash-water is required to lift the coarse sand. While in 
suspension the particles do not grade hydraulically, in any strict sense of 
the word; the grains of different sizes are continually rising and falling; 
and the contacts thus made loosen the floe and permit it to pass out of the 
filters after a relatively short wash. The water above the sand is left clear, 
and when the sand settles back into place, it is with only a small amount of 
floc adhering to it. 

From these observations, it appears that, in order to keep a filter bed clean, 
a certain minimum velocity of wash-water is necessary. If this velocity is 
high enough to agitate the sand properly, the cleansing effect of the water 
will be greatest with that sand which has the lowest expansion. 

Two-Period Washing.—Observation of the small filters during the washing 
period indicated that filters can be kept cleaner by applying the wash-water 
at two separate rates. First, the sand should be lifted just high enough to 
agitate it and loosen any adhering silt; then it should be expanded a further 
amount by a rate sufficiently high to clear the filter bed of any loosened sedi- 
ment. This observation is apparently borne out by a limited practical 
experience on large filters. 


Erriciency or WasH 


A simple formula has been devised to indicate the efficiency of a filter wash. 
The wash is divided into two parts: Primary and secondary. The primary 
wash corresponds to that ordinarily performed in a filter plant, and the secon- 
dary wash consists of washing out all the sediment that remains in the filter 
bed after the first operation is completed. The efficiency of a filter wash is 
the percentage of total sediment deposited in the sand during a filter run that 
is removed in the primary wash. 

The procedure in washing is as follows: All the water used in the regular 
or primary wash is collected in a bucket. After the primary wash is com- 
pleted, the water is drawn down within a few inches of the sand surface, and 
sufficient wash-water is then admitted just to lift the sand. <A wire grid, 
bent like a potatoe masher and secured at right angles to the axis of a light 
steel rod, is then worked up and down through the sand, loosening all the 
suspended matter from the grains and breaking up any small mud particles 
remaining in the filter bed. As soon as the sediment is all loosened, the filter 
is again washed at a higher rate and all the effluent is caught in a bucket. 
The volume and turbidity of both primary and secondary washes are then 
carefully determined. The efficiency is then computed from the formula, 


in which e = percentage of efficiency of the filter wash; Zp = turbidity factor 
of the primary wash = Tp Q p; Zs = turbidity factor of the secondary wash 
= T7;Qs; T = the average turbidity of the total volume of wash-water, in 
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parts per million; and Q = total quantity of wash-water, in liters, recorded to 
the nearest one-hundredth. The subscripts, p and s, refer, respectively, 
to primary and secondary wash. 

Four factors affect the efficiency of a filter wash: The velocity of water 
in passing upward through the sand bed; the duration of the wash; the size 
of the sand grains; and the temperature of the water. 

The data on efficiency of wash received from each co-operating city were 
plotted. Composite curves from seven cities are shown in Fig. 5, and those 
from a single city, Tulsa, are presented in Fig. 6. These experiments were 
performed on the graded filters, and in each case the sand size shown is the 
size of the top layer. 
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Fic. 5.—EFFICIENCY OF WASH, EXPERIMENTAL FILTERS aT TULSA, OKLA. 


These curves show a much wider variation than those for the hours of 
service. The greater irregularity can probably be accounted for in the num- 
ber of variables affecting the results—the velocity and the viscosity of the 
applied water, the duration of the wash, the character of the silt deposited 
in the sand bed, micro-organisms, and the personal equation. 

The composite curves at first sight seemed to have little value, but it is 
believed that they do represent what might be considered a normal trend and 
that they smooth out the irregularities due to the number of variables that 
seemed impossible to evaluate in studying the curves from the various cities. 
Much of the apparent inconsistency in the observed data would disappear if 
all the factors involved could be appraised correctly. 

A comparison of the composite curve of the efficiency of wash and that. 
for the hours of service of the various cities shows that as the sand increases 
in size, the value of both increases up to and including Filter No. 7, and,ina _ 
number of instances, there is an increase in value for Filter No. 8. ; 
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If the curves of Fig. 6 are studied in connection with those of Fig. 7, 
which show the average rate of applying wash-water, it will be noted, especially 
with the finer sands, that the cities using the higher rates of wash did not 
hold the highest place in the scale of efficiency. The curves also indicate 
that coarse sands are more efficiently washed than fine sands, and that the 
rate of applying wash-water should be increased as the sand size increases, 
There appears to be an optimum rate for washing, and to increase the rate 
beyond that point only results in a decreased efficiency. The optimum rate is 
lower when the water is cold. 

It is also interesting to note that, although a lower average rate of applying 
wash-water was used in Baltimore than in any other city, yet the efficiency was 
better in the filters containing the finer sizes of sand, than in most places 
where a much higher rate of wash was used. With the filters containing the 
coarser sand, the rate of wash was too low at Baltimore for the best efficiencies. 


EXPERIMENTS WITH Sanp oF UnirorM SIZE 

The experiments with sand of uniform size were undertaken in the hope 
of securing basic information regarding each grade of sand, that would be 
valuable in designing filter beds and in interpreting the results of other 
experiments. Baltimore and Toronto were the only cities to co-operate in 
this series. 

Twelve runs for determining the critical depth were made at Baltimore 
and four at Toronto. The technique varied somewhat, with the result that the 
two cities used slightly different methods of reporting their experiments. 
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Wig. 8—TyYPicaL ACCUMULATED TURBIDITY CURVES, BALTIMORE EXPERIMENTAL FILTERS, 
WITH UNIFORM SIZE SAND. 


Experimenters in Toronto recorded turbidities as “turbidimilligrams” (see 
Appendix), In Baltimore, the term, “accumulated turbidity”, was used. The — 


i 
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work done in the two cities is comparable, but, in Baltimore, the results were 
plotted as accumulated turbidities; that is, the turbidity of each section was 
added to the previous one (see Fig. 8). By this method any point on the 


- curve represents the total quantity of sediment in the bed between the surface 


and the depth at which the point is taken, and the slope of the curve indicates 
the intensity of the floc penetration in the sand bed. 

Penetration Curves.—For the critical depth experiments, sand was placed 
in the tubes to a depth estimated to be greater than critical, and the filter 
runs were begun and continued until terminated by an 8-ft loss of head. (If 


the sand depth originally provided was not sufficient to give a clear effluent 


at this head loss, it was increased before the next run was made.) The maxi- 
mum penetration of floc was then determined in the manner described in the 
Appendix. 

The critical depth for each filter, used in plotting Fig. 9, was the maximum 
value obtained in any run on that filter. The maximum depth of penetration 


~ was in almost all instances well below the points where the cumulative curves 


take a sharp downward turn. 
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Fic. 9.—MAXIMUM PENETRATION OF FLOC IN EXPERIMENTAL FILTERS. 


The penetration curves fell into two distinct groups: Those for runs made 
when the temperature of the water was below 45° F, and those for runs at 
45° F and above (Fig. 10). The fact that, with warmer water, the runs were 
shorter, and that the silt did not penetrate as deeply into the sand bed, can be 
accounted for partly by the presence of a large quantity of organic matter in 
the water at such times. The deeper penetration occurred over the same 


. 
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temperature range that affects the chemical treatment of water the most; 
namely, that in which the viscosity of the water is the greatest. These facts 
suggest the possibility of using a shallower sand bed in climates where the 
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temperature of the water does not fall below 45° F. Evidence also points 
strongly to the probability that the maximum depth of penetration, or the 
critical depth of any grade of sand of uniform size, is proportional to 
the square of the diameter of the average size of the sand grain (see Table 5). 
Comparison of Uniform and Graded Sand Filters—Curves for sand filters 
of uniform size and those for graded sand filters revealed the same general — 
characteristics; that is, that the hours of service and the efficiency of wash — 
increase as the sand size increases. These characteristics are more marked, 
and there is less variation from the mean, with sand filters of uniform size. 
The greater uniformity of slope of the various curves would indicate that 


filters composed of sand of a single size would be more dependable than graded _ 
sand filters. 


Dezsignina A Fitter Brp 


In submitting data for designing a filter bed, it is with the belief that 
local sands can often be used without screening. Some sands, however, on 
account of their peculiar grading, are not suitable for filter purposes unless : 
combined with other sands. In general, the various sizes or grades of sand 
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_ particles may be divided into three groups: (1) Grades too fine for filter 


purposes; (2) grades suitable for the filtering medium; and (3) grades too 
coarse for filter purposes, but valuable as a supporting ett After making 


_ a sieve analysis, the first step in designing a filter bed is to select the proper 


limits for each of these groups. 

_ As it does not seem possible to establish, arbitrarily, a rigid standard of 
procedure, it would be well, before deciding upon the dividing line between 
Group (1) and Group (2), to give special consideration to the effect of the 
choice upon the following: The length of filter runs; the cost of wash-water : 
the efficiency of filter wash; the cost of removing the fine sand; and the 


advisability of adding a small percentage of specially graded sand. 


TABLE 5.—Re.ation Between Sanp Size anp Orirican Dept 


Ratio of || Ratio of 
Sand Square Average | average ' Sand Square Average average 
+ Filter No. |. 812"), | of sand | Penetra- | penetra- || Filter No. | .81ze™, | of sand penetra- | penetra- 
n milli- size tion, in tion to in milli- Bie tion, in tion to 
meters inches | sand size | meters inches | sand size 
squared squared 
Battimore, MARYLAND (AVERAGE OF TWELVE Runs) Ont., CANADA (AVERAGE oF Four Runs) 
0.37 0.1369 2.00 14.61 0.251 ]0.063001 2.52 40.00 
0.43 0.1849 2.57 13.90 0.355 |0.126025 3.20 25.39 
0.50 0.2500 3.50 14.00 0.503 |0.253009 5.72 22.61 
0.60 0.3600 5.62 15.61 0.711 |0.505521 8.48 16.76 
0.75 0.5625 enh 12.74 1.000 {1.000000} 17.92 17.92 
0.95 0.9025 11.44 12.67 1.409 |1.985281] 37.68 18.97 
AAT 1.3689 15.83 11 BBA A icce tas rote yeu ieuar sronsveud Ista euele eolligeg.ebaace sill teres 
1.75 3.0625 32.00 LOSLB clk << Segeccusts. | atrevace tay: lute se eters cul Ntwtergtehn ere Bill careless 
Average I Average 
MEEXSC pw.d\): SO CID Iongt WaCINEECae Cin MREPEO Dias 13.19 TAtUO,geLeFieete stared (leteeie leastereiett sed 23.61 
Average, Average, 
omitting omitting 
Filter | Filter 
NOs Ela. a|| oleate by 4] OB ol bee TB TOS e HNP et INGRLAAMaee ec sunliuetepenme etd ele aka ehe ks 20.34 


* Average of size passing and size retained. 


The following method is based on a formula suggested by Mr. Allan, of 
Toronto, for determining the depth of a filter bed when a sieve analysis of 


_ the sand under consideration, and the critical depths of its various grades, are 
~ known. It is based on the assumption that the “depth” of each grade of sand 


—_P nw 
oe 


in the completed filter is proportional to the percentage by weight of that 
grade in the given sand, and that the filtering ability of each grade is 
inversely proportional to, its critical depth. Let: 


G15 Ca; Cys 2.22 cceeceee -eee+ = the critical depth, in inches, of each 
grade of sand as determined by experi- 
ment. 

Peis Oscw ames wets 85s = the percentage, by weight, of each 


grade of sand under consideration as 
determined by sieve analysis. 


Di = Dit Prts...-++++++-- = the total percentage of sand, by weight, 
as shown by sieve analysis, of those 
sizes that are considered satisfactory 
for the filtering medium. 
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_ 100p, 100 p, = the corrected percentages of each grade 


Der} Peas +- ; of sand required to build the new fil- 
Pt Pt tering medium. 
Gigs slo evs Neus cdactesces ==) the computed, minimum depth or sand, 


in inches, to be placed finally in the 
bed as a filtering medium. 


Gui Gaje.sssecseccceeeeeeees = the filtering ability of each grade of: 


sand comprising the filtering medium, 
as a percentage of the filtering ability 
of the complete bed. 


The filtering abilities of all grades of sand, up to their respective critical 
depths, are equal. In the new bed the filtering medium, dm, must have the 
same filtering value. The filtering ability of any grade in the filter, in pro- 
portion to the total required, is, therefore, equal to the depth of that grade 


divided by’ita critical depth: aj ©" wat Pam Aico, ap 


Cy C2 
= Pa dm + Pex dm + .... = 100 per cent. Whence, 
Cy Ce 
ay oe 100 2) 
m Par ir Pes @ 0's © 6 © cee se 60 6 6 66s e's © © 6 1b io eS 
Cy Ce 


If d; = a depth of sand, in inches, to be added to dm as a factor of safety, 
dt = total depth of sand to be placed originally in the filter; pj = percentage, 
by weight, as shown by sieve analysis, of sand too fine for filter purposes; 
and ps = percentage, by weight, as shown by sieve analysis, of coarse sand, 
which will form the supporting medium. Then, 


Pig (dm + d,;) 100 
Pi 


The depth, in inches, of fine sand to be removed from the filter = p; di, 
and the depth of the supporting medium = pz, dt. 

For an example of the application of these formulas, see Table 6. The 
sieve analysis used in the example, is that of a sand submitted for filter 
purposes, and it is assumed that the portion finer than 0.60 mm should be 


removed. The factor of safety is assumed as one-fourth the depth of the 
filtering medium. : 


Since 


From Table 6, 3a = 7.56 dm = 100%; dm = 100 = 13:9 7In: 
7.56 


dy = 0.25 dm, de = 21.8 in.; py py = 2.96 in.; and pe p+ = 2.35 in. 

Should the sand from a filter be replaced by a coarser grade of less depth 
it is possible on account of the increased free-board, that there would noe 
be sufficient velocity of wash water properly to remove the silt washed from 
the sand, unless its rate of application were increased. 


ae ee 


¢- 
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TABLE 6.—Proportioning tHe DeptH or Sanp In a Finter Bep 


FROM A GIveN Sieve ANALYSIS 


Size of Simve AyAtysis, PeRcenTAGE 
sand, in RETAINED, BY WEIGHT 
milli- C15 C07) | tele aan aE 15 Gal Pye Pg ai; a2;.. 


Pf Pt= Pit pet 8 

(4) (5) (6) (7) (8) (9) 
biscata ecm e OFSG6i Heise sce? acters aaa Sere oretapaichseete 
ath Dieedie a ORMO4 FS Rete & « Goto sae tenes hace Gauoroec 
ae a, ane jOBC OY hl Mieton toreensn saree evita etonces OS aysier teas 
seamarsliuciaycha O23 Bet cs cra acsice ve SG eravens aire vce Wa clgth ke 
3.0 OFSOS mecca tee ottce | ace (Pecans ee ena 
4.5 5D OSM adel sho, aiscstee us leat tarstas. | Macesarsiayc eleva leery meee 
6.0 VOR OGG ceustcitier ater [To srverie. ll cartes tae corlicme mee 
9.0 pet” 9 Vili eeiss 7.08 0.79 dm 
L130 S05 OGireg Ts eice 52.97 4.81 dm 
16.0 iy ae yg | etsesors 23.08 1.44 dm 
24.0 5190) ae wasees 7.80 0.33 dm 
47.0 Go S625 tel eccme 9.07 0.19 dm 
Byaereverencral|| Moversvat silk ccaycWeee’ sche: rete DEAD eo crercronctiys Aersdvesatery 
Steea ai-amers, RY mre clea | ie. iutevar ets a BAR SASS shoe serie dara shop 
Motalstaetreice |) scivescte || secesa e. [seach aes 13.56 75.64 10.80 100.00 7.56 dm 

* Howard and Morse sieve. + Sand used in experiments. { From Fig. 9. 


Trst Runs to CHEck ExAMPLE 


In order to test the formula, a filter bed was graded in accordance with 
the example, and an extra depth of 25% was added as a factor of safety. 


The test resulted 
in a filter run of 
43 hr and a maxi- 
mum _ penetration 
of 7 in., or less 
than one-half the 
depth of the sand 
bed. In this case 
it is evident that 
a 25% increase in 
depth gave more 
than 25% addi- 
tional filtering abil- 
ity, and prevented 
a close check on the 
example. 

The sand was 
then removed and 
graded exactly in 
accordance with 
the example, 
without any extra 
depth as a factor 
of safety. Four 
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runs were then made without having the silt penetrate to the bottom of the 
filter bed in any case (see Fig. 11). 

More tests should be run to check the reliability of the formula, but if 
those cited previously can be considered as indicative of the general per- 
formance it would appear that a rational method has at last been developed 
for determining the proper depth of a filter bed. 


MisceLLANEOUS REMARKS 


No investigation was made of the effects of the shape of sand upon the 
filtering or washing processes, but it is believed that round, smooth, sand 
grains are more desirable than irregular or angular ones, as they are more 
readily cleaned of adhering silt, and the removal of an additional quantity 
of silt would result in better filter efficiency. This observation is based on 
the fact that smooth gravel is more easily cleaned than rough gravel. It 
is also believed that thin, flat, sand grains would more readily become com- 
pacted and would tend to build up loss of head faster than smooth grains. 

Theoretical Discussion.—Theoretical discussions of the laws governing the 
flow of clean water through sand have created quite an interest, and those © 
who care to investigate the matter are referred to a paper’, by Roberts Hulbert 
and Douglas J. Feben, on the “Hydraulics of Rapid Filter Sand,” and one 
by Gordon M. Fair, M. Am. Soc. C.'E., and Loranus P. Hatch, Jun. Am. 
Soc. C. E., entitled “Fundamental Factors Governing the Stream Flow of 
Water through Sand.”” An interesting thesis has been written by Messrs. 
H. H. Black and C. N. Stutz, of the University of Lllinois, on “Physical 
Factors Affecting the Hydraulic Properties of Rapid Filter Sand” (1933), 

Supporting Data—Only a small portion of the data collected during the 
experiments could be embodied in this report, but it is believed that enough 
has been submitted to show the methods that were used and the results 
obtained. The total mass of essential data has been collected in several vol- — 
umes and placed in Engineering Societies Library, in New York, N. Y., 
where it is available to any one interested. 


Summary or Resutts or EXPERIMENTS 


Effuent.—A good effluent can be secured with any size of sand, provided 
the filter bed is of a proper depth. 

Depth of Filter Bed—The depth of a filter bed should be increased as the 
sand size increases. For sand of uniform size the critical depth, which is 
roughly proportional to the square of the diameter of the average size of the 
sand grains, can be used as a guide. For a graded sand, the depth of a filter 
bed may be designed correctly if a sieve analysis of the proposed sand and 
the critical depth of each grade are known. 

Hours of Service——The number of hours a properly graded filter can 
be run between washings, increases as the size of the sand in the filter bed | 
increases. 


6 Journal, Am. Water W'orks Assoc., Vol. 25, January, 1933. 
™Loc. cit., November, 1933. 
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Efficiency of Wash.—The efficiency of a filter wash for any given grade of 
sand, is primarily dependent upon the rate at which the water is applied. It 
is also affected by the viscosity of the water, and, to a slight extent, by the 
duration of the wash. Better efficiencies are secured with coarse sands. 

Washing Rate.—The rate of applying wash-water should be increased as 
the sand size of the filter bed and the temperature of the water increases. If 

wash-water is applied at too high a rate, the efficiency of the wash is 
decreased. With a graded sand, good results can be obtained with rates 
ranging from a rise to 24 in. per min for fine sands; and to 30 in. for sand 
of about 0.6 mm in diameter. With sands having a top size of from 0.76 mm 
to 1.75 mm, the rate should be stepped up as the size increases to a maximum 
vertical rise per minute of between 40 and 50 in. A few tests on sand of — 
uniform size indicate, especially with the coarser grades, that lower rates 
can be used satisfactorily as the uniformity coefficient approaches unity. 

Sand Size—The experiments seem to indicate that sand beds with top 
sizes ranging in diameter from 0.6 mm to 1.00 mm will give very satisfactory 
_ results; that sizes of 0.5 mm and less give short runs, require frequent wash- 
ing, and are difficult to keep clean. Excellent results can be secured with 
graded sands having a top size of from 1.00 to 1.75 mm in diameter, but 
as the upper limit of size is approached, the depth of bed and rate of wash 
should be increased beyond those ordinarily used. 

Uniform Size of Sand.—If the findings of a limited number of tests can 
be accepted, an ideal filter bed should be composed of sand of uniform size. 
There seems to be greater uniformity in the hours of service and in efficiency 
of wash for any grade of sand, if it is of one size only. Coarse-grained filters 
can be satisfactorily washed at a lower rate than graded filter beds the top size 
of which is of the same diameter as the uniform bed. 

General Statements—This summary is presented with no thought of 
finality, especially where figures are concerned. It is believed, however, that 
the limits given are confirmed by the experiments, and that the information 
gained will be a helpful guide in determining the size and depth of a sand 
bed. The character of water, and other local conditions, vary so greatly in 
different parts of the country, that it is not possible to set up any standard 
that would be generally acceptable. 

Cost, in most instances, will probably be the deciding factor in the aolee: 
tion of a sand. When this is the case, the possibility of using local sand 
should be carefully considered. In all cases a balance should be preserved 
between the cost of an ideal sand bed and the handicap that will result from 
a compromise. Fine sands mean frequent washing and more trouble in the 
maintenance of a filter bed, while coarse sands may mean deeper filters and 
larger piping and valves. 
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APPENDIX 


Harty EXPERIMENTS 


Before starting the experiments in 1927, the Committee sent a question- 
naire to all State Sanitary Engineers to learn, if possible, the reasons gov- 
erning their requirements relating to the size and depth of filter sand. The 
answers indicated an effective size in use ranging from 0.2 to 0.65 mm in 
diameter, and depths of filter beds from 24 to 36 in. Apparently, sand was 
selected as a matter of custom or simply on the grounds of personal opinion, 
and there was evidently little information that would permit a rational 
selection to be made. 

After studying the results of the questionnaire, it was decided to ask 
a number of cities to co-operate in conducting experiments with small glass 
filters, and nine of them actually built and operated a battery of seven small 
glass filters with an inside diameter at approximately 1% in. One of the 
units was used for comparing results with plant performance and was filled 
with sand from one of the large filters. 

As the experiments proceeded, many questions arose regarding the tech- 
nique. It was found difficult to secure uniform results, largely on account 
of the varying conditions under which the co-operating cities found it neces- 
sary to operate the small filters. The time necessary to conduct the experi- 
ments, especially as an effort was made to determine the bacterial quality of 
the filter effluent, was more than some cities could devote to the work. 

After comparing the reports of all the co-operating cities and studying the 
results of their experiments, there was found to be more uniformity than was 
at first apparent, but there were too many variables to make the comparisons 
entirely satisfactory. The tests seemed to indicate that the coarser sand 
gave longer filter runs with an equally good effluent, but the fact that the 
depth of the top layer as well as the total depth of the sand bed varied, made 
it difficult to evaluate the effect of size of sand on the length of run. All the 
top layers were carefully screened to as nearly the specified size as possible, 
but as it was believed that most of the work of the filters would be done in the 
top layer, the remainder of the bed was looked upon less as a filter than as a 
supporting medium. 

The necessity for a carefully planned technique for regulating every stage 
of the experiments became more apparent as time went on, but it was not 
until the spring of 1932 that there was sufficient agreement among those co- 
operating in the éxperiments to permit the drafting of a set of instructions 
that would be generally acceptable. From the earlier experiments much was 
learned that proved helpful in preparing for and conducting the later work. 
A description of the 1927 series of tests as conducted at Denver, Colo., was 
written® by Mr. O. J. Ripple; the St. Louis experiments were described’ by 
Mr. August C. Nolte. Mr. L. A. Marshall discussed the experiments in 
Cleveland, in a paper presented before the Ohio Conference of Water Purifica- 


8 Journal, Am, Water Works Assoc., Vol. 23, p. 1317. 
®ZLoc. cit., p. 1811. 
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tion Plant Operators, in October, 1932; and Mr. L. F. Allan published a 
paper” on the experiments as conducted at Toronto, including those on sand 
of uniform size. 


LATER ExpERIMENTS ON GrADED SaNnp Beps 


When the second set of experiments was undertaken, the program was 
simplified and the number of objectives was reduced, but there still remained 
some difficulties to be overcome in the matter of technique. A satisfactory 
set of instructions was finally drawn up in the spring of 1932. The remainder 
of this Appendix relates solely to these later experiments. 

In the instructions sent to the co-operating cities, the different items to 
be investigated were grouped as follows: 


Primary Data to Be Secured.—Filtration: To determine for the various 
sizes of sand: 


(1) The ability of the filter bed to prevent the passage of floc; 
(2) The length of run; 

(3) The volume of water filtered during the run; and 

(4) The effect of temperature on length of run. 


Washing: To determine for the various sizes of sand: 


(5) The best rate of applying wash-water to clean the filter bed 
effectively; and 
(6) The effect of temperature on washing rates. 


Secondary Data to Be Secured.— 


(7) The velocity of water required for lifting sand of various sizes 
by carefully measuring small increments, to a sufficient height 
above the surface of the filter bed to permit the Plotting of 
sand rise curves; 

(8) The depth of floc penetration and the volume of floc retained in 
filter beds during the period between washings; 

(9) The extent of hydraulic grading of sand under the action of 
wash-water ; 

(10) The effect of temperature and viscosity of water on sand rise; 
and 

(11): The effect of any unusual local conditions that may be due to 
organic content of water, alkalinity, turbidity, color, iron, or 
manganese. 


In inviting cities to co-operate with the Committee in conducting the 
experiments, an effort was made to secure those in which the water supply 
would be representative of different types. Two separate sets of experiments 
were undertaken, and sixteen cities went to the expense and trouble of build- 
ing batteries of small filters and carried on the experiments for a more or 
less extended period. There were other cities that wanted to undertake the 


1 Canadian Engineer, Vol. 66 (1934), No. ah, Dee 
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experiments, but did not have sufficient personnel to justify their doing so. 
Some of the cities that undertook the task, found that it was not possible to 
carry on the experiments without employing additional help; others after 
making a start realized that they had no employees qualified for the under- 
taking; .and every city found difficulty at times in conducting the experiments, 
due to vacations and extra work incident to regular plant operation. 

Tt is only natural that as some cities had much better facilities for con- 
ducting experiments than others, the results should reflect those differences, 
especially in the amount of work accomplished. Nevertheless, all the co- 
operating cities deserve great credit, and some did painstaking and careful 
work of excellent quality. Some of them worked only on the first set and some 
only on the second set of experiments, while others conducted both sets. 
The following are the cities co-operating: Baltimore, Md., Chicago, IIL, 
Cincinnati, Ohio, Cleveland, Ohio, Denver, Colo., Kansas City, Mo., Omaha, 
Nebr., Providence, R. I:, Racine, Wis., Richmond, Va., Sacramento, Calif., 
Springfield, Il, St. Louis, Mo., Toronto, Ont., Canada, Tulsa, Okla., and 
Washington, D. C. 


CHARACTER OF WatER USEp By Various CitIEs 

In order better to understand the conditions prevailing in the cities in 
which the experiments were conducted, a brief description of the sources 
from which the water supplies are received, and the methods of treatment, are 
given herein. 

Baltimore, Md.—The water supply of Baltimore is obtained from the Gun- 
powder River, which has a water-shed above the intake of 303 sq miles. The 
water is impounded in Loch Raven Reservoir, which holds 23 000 000 000 gal. 
The water is conveyed through a tunnel seven miles long to Montebello 
Filters, where it is treated with alum. It then passes through a mixing basin 
(round-the-end type), and through settling basins of from 3 to 4 hr capacity, 
and is then filtered. The turbidity of the water coming to the plant during 
the period covered by the experiments averaged 14 ppm and the water going 
on to the filters had an average turbidity of 4 ppm. In the latter part of 
the summer, trouble is generally experienced with the presence of large num- 
bers of micro-organisms, and during the fall months the presence of man- 
ganese in the water necessitates a change in treatment from alum to lime 
and iron. 

Chicago, Ill.—The experiments at Chicago were conducted in a large, 
well-constructed plant, planned for experimental work, and provided with 
adequate mixing and settling facilities. The raw water was taken from Lake 
Michigan, at 68th Street. It is generally very low in turbidity, but extremely 
high in the number of micro-organisms. Alum was used as a coagulant. 

Cleveland, Ohio—The experimental filters at Cleveland were set up at the 
Division Avenue Filtration Plant, which receives its supply from Lake Erie. 
The water passes through mixing basins and settling basins before going to 
the filters. The raw water is ustially rather low in turbidity, averaging 19 
ppm, but very high in micro-organisms. The turbidity of the water going 


on to the filters averages about 5 ppm. 
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Kansas City, Mo.—The water supply of Kansas City is taken from the 
Missouri River, and varies greatly in turbidity, reaching a maximum of 
about 20000 ppm. ‘The water passes through a fully equipped purification 
plant, and the average turbidity of the water going on to the filters is about 
30 ppm. Alum is used as a coagulant. After leaving the filters, the water is 
pumped through 2 miles of 90-in. pressure tunnel, and several miles of pressure 
supply lines to large reservoirs, before it is pumped into the distributing 
system. 

As one of the co-operating cities, Kansas City did a large amount of 
painstaking and careful work, but a study of the results obtained from the 
experimental filters revealed characteristics different from those obtained in 
any other place. Dr. George F. Gilkerson, who has charge of the laboratory, 
states: 

“The average raw turbidity at Kansas City plant is approximately 3000 
parts per million. This load is carried by the purification works as follows: 
presedimentation, 85%; primary coagulation, 12}%, final coagulation, 13%; 
filters, 1%. 

“The above results would indicate that the average turbidity of the 
applied water was approximately 30 parts per million. This turbidity is 
ordinarily caused by a very large percent of very finely divided suspended 
matter and a relatively small amount of chemical floc. An operator of a plant 
handling a comparatively clear suppiy would unhesitatingly state on visiting 
our plant that the applied water was undercoagulated, and in no way suitable 


for filtration. The results obtained in our plant, however, do not bear out 
this assumption. 
* * * x * * % * * 

“Some conclusions are drawn [from results with experimental filters in 
other cities], which, from the data collected, are unquestionably true. The 
writer, however, feels just as positive that the. results obtained [in these 
experiments] could not possibly.be obtained in a plant like the Kansas City, 
Missouri, plant, without applying a chemical dose to the water that would be 
inhibitive in cost, and [that would] in no way be compensated for by the 
increase in filter plant efficiency, or quality of water delivered.” 


A careful inspection of the laboratory reports of the regular filter plant 
operation failed to reveal a single instance of any turbidity in the water 
delivered to the city. The Kansas City filters, due to some particularly favor- 
able features, function properly as a whole, whereas the experimental filters 
did not. This indicates that the large saving effected at Kansas City by the 
use of less alum than is generally required, is justified; the only proper 
criterion for judging plant performance is the quality of the effluent. 

Richmond, Va.—The City of Richmond receives its water from the James 
’ River, which varies considerably in turbidity, at times reaching 2000 ppm. 
The water passes through small mixing basins into settling basins, in which 
flocculators have been added. From the settling basins it goes to the filters. 
The turbidity going on to the filters averages about 8 ppm. 

Springfield, Ill—The raw water for the Springfield supply consists nx: a 
combination of water from Sangamon River and well water, averaging about 
75% river water. It is treated with alum and lime, and occasionally with 
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activated carbon. It passes through circular mixing tanks with a normal 
detention time of about 40 min, and thence through clarifiers to settling 
basins having a total capacity of about 6 hr. The water is recarbonated to a 
PH of about 9 before going to the filters. 

St. Louis, Mo.—The experimental filters at St. Louis were set up at the 
Chain of Rocks Filters, which is supplied from the Mississippi River. The 
turbidity of the raw water varies greatly, averaging about 1400 joer; Lh 
passes through long mixing chambers into large settling basins before going 
to the filters. The average turbidity of the water going to the filters is 9 ppm. 
Lime, iron, and alum are used as coagulants. 

Toronto, Ont., Canada.—The water supply of Toronto is obtained from 
Lake Ontario, and has an average turbidity of about 6 ppm. At certain times, 
the water runs fairly high in micro-organisms. For experimental work, a 
specially designed plant was constructed, which receives its water from the 
raw-water pipes feeding water to the Island Filter Plant. The water first 
passes through a mixing trough, where alum is added. From the trough the 
water circulates through spiral mixing chambers before passing to the settling 
basins. A flume then takes the treated water to the filters. 

Tulsa, Okla—The water for Tulsa is secured from Spavinaw Creek and 
impounded in Mohawk Lake, holding about 500000000 gal. It is conveyed 
thence for 55 miles, through a concrete conduit from 54 to 60 in. in diameter. 
At the plant it passes through two circular basins, is aerated, and then passes 
through two coagulating basins having a detention time of about 3 hr. Alum 
is used as a coagulant and lime is used occasionally before the water goes to 
the filters. The turbidity of the raw water is ordinarily about 15, but it 
occasionally reaches about 1000, ppm. .The turbidity of the settled water is 
from 2 to 15 ppm. 

Washington, D. C.—Water for the City of Washington is taken from the 
Potomac River above Great Falls, and is conveyed thence through several 
miles of gravity conduit to Dalecarlia Lake, where some of the silt settles out. 
The turbidity of the raw water varies from 6 to 2000 ppm, and sometimes 
changes suddenly. The water passes through a mixing chamber, settling 
basins, and a fully equipped filter plant. An average of 1.5 grains of alum 
per gal is applied as a coagulant. 


DescripTION oF APPARATUS 

The apparatus used by the various cities in conducting the experiments 
was substantially the same, but varied somewhat in minor details. It con- 
sisted of a battery of eight small glass filters made of pyrex glass tubing, 
approximately 13 in. in inside diameter, and from 5 to 6 ft in length 
(see Fig. 12). The top and the bottom of each tube were closed with rubber 
stoppers. Water was admitted through a small glass tube passing through 
the upper stopper; it was withdrawn from the bottom in a similar manner. 
The influent tubes were extended above the maximum water level to vent 
the: filters. ; 

Each of the units was equipped with a mercury manometer, for determin- 
ing loss of head, and a filter rate controller. A thermometer was fixed in the 
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wash-water supply line. Brass needle-valves were used to control the applica- 
tion of the wash-water, and glass fittings, connected with rubber tubing, 
served for most of the pipe 
connections. 

This experimental assem- 
bly was generally placed in 
some position in the plant 
where the water level on 
the test filters would be 
identical with that in the 
plant units. The wash- 
water was supplied from one 
of the pressure mains and 
was regulated by two con- 
trol valves. Different cities 
worked out special details 
to meet particular needs. 
For instance, at Tulsa, 
where the filters were in a 
rather inaccessible place, 
a bell-ringing device was 
installed to notify the filter 
attendant when a loss of 
head of 8 ft had been 
reached. At Toronto, where 
conditions permitted its 
use, a “potato masher” for 
breaking up sand for the 


Fic, 12.— EXPERIMENTAL FILTERS USED aT TORONTO, ONT., 
CANADA. j 


secondary wash was permanently installed. 

The filter rate controller used by most of the co-operating cities (Fig. 18) 
was devised by Mr. George C. Dobler, of the Montebello Filters, at Baltimore. 
This controller proved satisfactory and accurate and was not difficult to make. 
The orifice was first calibrated to give approximately the desired rate, the 
more exact rate having been determined by shifting the orifice above or 
below the constant level in the beaker until the desired rate was secured. At 
Richmond, Chicago, and Toronto, controllers of individual local design were 
used. 

Determination of Sand Sizes——After the sand for use in the experimental 
filters had been graded by mechanical shaking, the size of grain passing each 
sieve was determined as follows: On each sieve was placed a small sample of 
the grade that had previously passed the same sieve, mechanically shaken. 
This time the sieve was shaken by hand; the last few grains passing were col- 
lected, and 100 of them were measured under a microscope. The measurement 
taken was of the narrowest side exposed to view. The average of the 100 
grains was taken as the “size passing,” or “size of separation.” The size of 
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any sand grade was considered as the average of the size of separation of the 


sieve through which it all passes and that of the sieve upon which it is all 
retained. 
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Fic. 13.—RATH CONTROLLER FOR EXPERIMENTAL FILTERS, 
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Calibration of Glass Filter Tubes.—It was found that the filter tubes were 
not all of exact internal diameter for the full height, and that the diameter 
of the different tubes varied as much as 0.27 sq in. in area. Consequently, it 
was necessary to calibrate each filter tube before it was put into service. 
Particular attention was paid to the determination of the exact area at the 
level of the top of the sand layer, in order that the surface of the filter medium 
could be known accurately. On account of the practical impossibility of 
making direct inside measurements, the following method was used: Marks 
were made on the glass at points between which the average areas were to be 
determined. The tube was then filled with water, and the water between any 
two of these marks was carefully withdrawn and measured in a graduate. 
The average area was then determined by dividing the volume of water 
withdrawn by the depth it occupied in the tube. 

Placing Sand in Filter Tubes.—In the earlier experiments, much trouble 
was experienced in establishing a zero mark for the sand-rise curves in the 
different filter units. It was found to be due principally to the manner in 
which the sand was originally placed in the filter. The following procedure 
eliminated the difficulty: Before placing sand in the tubes, a mark was made 
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on the glass at the exact height to which each layer was to be brought. With 
the wash-water valve slightly open, a quantity of sand was added; that valve 
was then closed, and the effluent valve was suddenly opened wide. If the sand 
did not settle exactly to the mark more was added or some was removed, and 
the process was repeated. This operation was performed for each layer, 
and the last layer established the correct zero mark for subsequent operations. 

Gravel.—It was found by experiment that gravel, other than very small 
sizes, was not easily displaced in the small glass tubes. A layer, 6 in. deep, 
properly graded to support the sand, was sufficient to resist the highest 
velocity of wash-water. 


TECHNIQUE OF EXPERIMENTS ON Sanp or Unirorm Size 


For the experiments on sand of uniform size, the authorities of Baltimore 
used the same eight grades that had been used in the previous set of experi- 
ments. Only one grade was placed in each filter tube. The size of sand 
reported was the average of the size passing and the size retained on a given 
sieve. At Toronto, the sand was re-screened through Tyler square root sieves. 
Six grades were used, and the size reported was that given as the rating 
of the sieves and was considered as the size passing. However, in plotting 
curves, to be compared with those from Baltimore, the average of the size 
passing and the size retained was used. 

On account of the necessity of frequently removing and replacing the sand 
and the desirability of having a definite starting point for beginning each run, 
the use of gravel as a supporting medium was abandoned. At Toronto, the 
sand was supported on a layer of fine shot. Baltimore used a wire screen, 
soldered to the top, of a short section of brass pipe that fits inside the tube 
and could easily be adjusted to the correct position. The pipe was turned on 
a lathe to approximately the inside diameter of the tube, and was slit longi- 
tudinally to make it slightly flexible. 

Silt Penetration.—The distribution of silt deposited in a filter bed in a 
single run, and the depth of its penetration, are determined, as follows: 
Upon completion of a run, all the sand is removed in small sections by means 
of a siphon, and éach section is deposited in a separate beaker. In the fine- 
grained filters, the sections are 0.5 in. in depth, but as the sand size increases, 
the depth of sections is increased to 1 in. and 2 in. About 300 cu em of 
filtered water is used in siphoning a 0.5-in. section of sand from the tube, 
and 500 cu cm and 600 cu em, respectively, are used for 1-in. and 2-in. sec- 
tions. The sand and water are caught in a beaker and stirred thoroughly 
with a glass rod. The water is then poured into a graduate, care being taken 
not to remove any of the sand. About 200 cu em of filtered water is then 
added to the sand. The stirring is repeated, and the washing is poured into 
the graduate. These operations are continued until the total washings 
measure 1000 cu cm. All the water is then transferred to a bottle, and 
thoroughly shaken, and the turbidity is immediately read in a Jackson turbidi- 
meter. Turbidity readings for washings from 0.5-in. sections are recorded as 
read. Readings for the 1-in. sections are divided by two (the equivalent of 
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diluting to 2 liters), and the 2-in. sections are divided by four (the equivalent 
of diluting to 4 liters). The reasons for doing this are that in the 1-in. and 
2-in. sections, the turbidity is more easily read without further dilution, 
and it is difficult to break down the floc properly if the large volume of water 
required for dilution of the deeper sections is used. 

It is necessary to make corrections in the turbidity readings to com- 
pensate for accidental variations in depth of the sand sections removed by 
siphon. Hence, after each section has been washed carefully, it is drained 
of as much water as possible, thoroughly dried on a hot plate, and then 
weighed. The ratio of this weight to that of the theoretical section is the 
required correction factor. 

The maximum depth of penetration of floc into the sand bed was defined 
as that depth beyond which the turbidity of water washed from the portion 
considered is less than 10 ppm, when the volume of wash-water used is in 
the proportion of 1 liter to each 0.5 in. of sand depth. This definition was 
based on the observation that an amount of floc sufficient to produce a tur- 
bidity of only 10 ppm under the specified conditions, seems to have no 
appreciable ‘effect on the filter effluent. The difficulty in washing the sand 
perfectly clear, of thoroughly breaking up the floc, and of making accurate 
readings with a Jackson turbidimeter, all point to the conclusion that turbidi- 
ties of less than 10 should be neglected in determining the depth of pene- 
tration. 

Precision Siphon.—At Toronto, the laboratory work was simplified by the 
use of a precision siphon, which could be adjusted to remove the sand between 
any desired limits. 

As the siphon nozzle turns, its cutting-edge is fed spirally downward 
into the bed. The sand is immediately picked up in the stream of water enter- 
ing the mouth. On account of the shape of the nozzle, the velocity of the water 
is low at the cutting-edge and its direction is nearly horizontal, so that it 
gathers little sand and sediment from in front of the edge. A tape secured to 
the filter tube indicates that the siphon is quite accurate. Any depth of cut 
4 in. or more, can be made accurately and quickly by using the correct gage 
between the stops. 


SECONDARY EXPERIMENTS 


Sand Rise and Sand Expansion.—Sand rise and sand expansion are terms 
used to express the vertical rise of sand during the period of washing.. Sand 
rise is usually expressed as rise in inches, while sand expansion is generally 
expressed as a percentage. With a fixed rate of wash, the sand rise will vary 
with the depth of the sand bed, the size and grading of the sand, and the 
temperature of the water. It is evident that the sand rise as determined for 
any given filter will not apply to another filter unless all the factors are 
identical. 

In a graded sand filter, each grade will expand by a different percentage 
for each rate of wash-water. At some rates, the coarser grades may not 
expand at all. In a filter containing sand of one size, the percentage expan- 
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sion will be a function of the velocity and temperature of the applied wash- 
water, but with a graded sand the expression can have no definite general 
meaning, as every change in grading would also modify to some extent the 
expansion. 

Although the term, “sand rise,” is open to the same objections, it was 
used rather than “sand expansion,” as it seemed to simplify the recording of 
results. As sand rise varies with the water rise, the observed data could be 
plotted directly without making any calculations. Moreover, if the sand rise 
is considered in relation to the space between the normal sand surface and 
the edge of the wash-water gutter, the direct reading, in inches, will show at 
a glance whether there is any possible danger of the loss of sand. 
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Fic. 14.—RELATIONS BETWEEN SAND RISE, WATER RISE, AND TEMPERA- 
TURES OF WASH WATER. (EXPERIMENTAL FILTER No. 3, SPRING- 
FIELD, ILL.) 


Constant Sand Rise-—Experiments were made at Toronto and. Springfield 
to determine the vertical rise of water, in inches per minute, necessary to 
maintain a constant sand rise at various temperatures of water. Typical 
results, plotted in three different ways, are shown in Figs. 14 and 15. 
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The results suggest the desirability of changing the wash rate to correspond 
with the temperature changes. The following statements are excerpts from 
an account of the experiments at Toronto by Mr. Allan: 


“Since for every temperature there is a definite value of viscosity, tem- 


perature may be used as a measure of viscosity. The temperature-water rise 


curves may be considered to be the resultant of two curves; namely, the vis- 
cosity-water rise curve and the temperature-viscosity curve. These two curves 


_ being concave in opposite directions, produce a resultant which is probably a 


straight line or nearly so. 

“When water rise is plotted against temperature, with sand rise constant, 
the points appear to be in a straight line. If this can be proved to be true, or 
if it can be shown that the points are not far from a straight line, for all 
sand sizes and gradings, a very useful formula will result. These straight 
line graphs possess all the information necessary to plot sand rise curves, and 
if the straight line relationship holds, then it would only be necessary to take 
two readings, and join the plotted points with a straight line produced. 

“The practical use to which these curves could be put would include the 
following. Suppose that under plant conditions washing is carried out using 
a constant sand rise at all times, and it is desired to know the water rise 
necessary to produce the, specified sand rise at the known temperature of the 
water. This information is readily available by consulting the ‘straight line’ 
graphs.” 

Hydraulic Grading.—Ilt is generally assumed that the hydraulic grading of 
the sand in a rapid filter, after washing, is perfect. This, however, is only 
approximately true. The closeness of hydraulic grading depends upon several 
factors, the most potent one being the rate at which the wash-water valve is 
closed. When a filter is being washed, especially at high rates, there is a 
general mix-up in the sizes of sand. If the wash-water valve is closed sud- 
denly, the heavier particles carry down with them some of the finer particles, 
but if the valve is closed gradually, there is generally sufticient velocity to 
maintain the smaller particles in suspension, while the coarser ones settle into 
position. The size of the sand grains also has something to do with the 
hydraulic grading. It has been noted in filters containing fine sand, that 
the grading is much more perfect than in those containing a well graded 


mixture of fine and coarse sand. 
The action of sand under the influence of wash-water is as observed in 


- the small glass filters. The jets, or currents, of water leaving the gravel 


surface are not uniform in direction or intensity. The sand grains when 
acted upon by a jet are lifted to different heights, depending on their size 
and shape. When a grain reaches the highest limit to which a jet can lift it, 
it is shifted to one side into a current of lesser velocity, and settles down to a 
point where it is again picked up. In all these movements there. is conflict 
with other grains, tending to lift them higher or to force them lower into the 
bed. The fine grains that have been lifted near the top are no longer subject 
to the same intensity of jet action, because the greater sand expansion has 
increased the water area and the rising currents have been reduced to a more 
uniform velocity. The wide space between sand grains gives plenty of room 
for movement without interference to the neighboring grains, and, conse- 
quently, each grain can more nearly take its proper place in the hydraulic 


scale. 
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In addition to the visual inspection of the filter beds during the ordinary 
washing period, colored sand was placed in some of the filters, and, in others, 
sections of the sand were removed and analyzed, All three methods confirmed 
the fact that the sand was more or less imperfectly graded. 

Viscosity.—The viscosity of water plays a far more important part in the 
operation of filters than has generally been supposed. There is a critical range 
in the temperature of water from 33°F to about 45°F when its viscosity 
increases about 18 per cent. Within this range floc forms less compactly, and 
settles out more slowly, than at higher temperatures. Unless the coagulant is 
applied in exactly the correct quantity, the water going on to the filters will 
be treated improperly and the floc will pass through the sand bed. 


When the water is cold and more viscous, the filter runs are longer and — 


the sand is lifted higher with the same velocity of wash-water, making it 
easier to keep the filter in good condition. At low temperatures, a drop in 
temperature of only 5 or 6° will cause an increase of several inches in the 
sand rise. Water has its maximum lifting power near the freezing point, 
where its viscosity is the greatest. 


Ratio of Critical Depth to Sand Size—The experiments seem to indicate | 


that the critical depth of a sand varies as the square of the diameter of the 


grains (see Table 2). The Baltimore results conform more nearly to this © 


relationship than those at Toronto, partly, perhaps, because of the greater 
number of runs. In Table 2, the average depths of penetration were used 
instead of the maximum, since any general law, where as many variables are 
encountered as in filter experiments, can only apply to average conditions. 
Turbidity Determinations——All turbidities were determined optically 
and expressed in the usual way, in parts per million, although it is fully 
realized that the expression, “parts per million”, has no real meaning in 


(a) FILTER NO. 1 (b) FILTER NO. 8 


Fic. 16.—SHAPE OF SAND GRAINS USED IN EXPERIMENTAL FILTERS. (MAGNIFICA- 
TION, 5.6 DIAMETERS). 


such cases. In order to learn any possible relationship between turbidities 
determined optically and those determined by evaporation and weighing, 
the records made at Montebello Filters, during four years of regular plant 
operation, were studied. A glance at Fig. 16 will show that there is no 


an 
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relationship between turbidity as determined optically and by weight. The 
laboratory method used was to determine optically the turbidity of a 500-cu em 
sample of water, and then to filter the sample through a previously 
_ weighed crucible packed with asbestos. Next, the crucible was dried at 
105° C for 12 hr. The difference in weight of the crucible before filtering 
and after drying, is the weight of the suspended matter in the water. 
Fig. 16 contains information involving more than 1400 separate determina- 
tions, each dot representing the monthly average of daily tests. As defined, 
3 the coefficient of fineness is the weight of suspended matter, in parts per 
million, divided by the optical turbidity, “in parts per million.” 

Turbidimilligram and Accumulated Turbidity—“Turbidimilligram” js the 

term used at Toronto to express the turbidity contained in water when 
the absolute weight is unknown. As defined by Mr. Allan, it is the weight 
of the suspended matter in 1 liter of water having a turbidity of 1 ppm. The 
weight of turbidity in any body of water is computed by multiplying 
the volume, in liters, of the water by its turbidity, in parts per million, the 
result being expressed as turbidimilligrams. 

The term, “accumulated turbidity,” used at Baltimore in plotting the pene- 
tration curves, means the summation of the turbidity readings of the 1000 
cu em washed from all sections above the point in question While the term 

of itself has no particular meaning, it does have a very definite meaning in 
plotting the curves. 

Data on Sand Used in Experiments.—The following data were secured at 

Baltimore for studies made in connection with the experiments on uniform 
size sand: A small sample of each grade was selected and thoroughly 
-re-screened. Fifty grains from each of the eight different sizes were then 
selected at random and weighed carefully, and the average weight was com- 


TABLE 7.—EssentiAL Data on Sanp Usep IN ExpPerRIMENTAL FILTERS 
(All Averages Are for Fifty Sand Grains) 


Fitter No. 
DESCRIPTION 

. 1 2 3 4 5 6 7 8 
Bolin eden ame = 5.00 | 7.90 | 12.00 | 14.30 | 17.00 | 41.80 | 84.20 1565.30 
NE ge ae ae ee 0.10 | 0.158] 0.24] 0.286] 0.340] 0.836) 1.684] 11.306 
ec ee 2 ers | 0.34 | 0.41} 0,48 | 0.61] “Orzo | 0.03 | -1.18.| 2.10 
Berttimstern. age | 9.80 | 0.54 | 0.66] 0.75| 0.91) 1.12] 1.37] 2.66 
ee one ee ee | 0.25 | 0.25 | 0.37] 0.50] 0.58] 0.66] 0.83 | 1.74 
in eae gyn: grain, in) 9.47 | 0.84 | 0.66| 0.84] 0.91 | 1.27 | 1.51 | 2.81 
ee ent 0.06 | 0.88 401008 |v 1.95 | 1-87 |e2.60 |) 1.91)| aes 
Be its. aie fran! 6 33 | 0.371 0.46| 0.58| 0.66| 0.87] 1.08] 2.20 
Bee GF clone ees ee 24.70 | 21.20 | 17.60 | 44.20 | 11.70 | 9.30] 7.70] 4.90 
acca. Ea cas Raa 32.60 | 26.00 | 25.00 | 18.00 | 15.80 | 12.40 | 12.40] 7.40 
es of alean AY ge ey eb $6) 20 | 17.00 | 13.00 | 12.00} 9.80] 7.80} 5.20] 3.00 
Reiccit we. in deere’) 3.00 | 78.00 | 78.00 | 76.00 | 76.00 | 78.00 | 78.00 | 78.co 


| 
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puted. The longest and narrowest dimension of each grain was then care- - 
fully measured under a microscope. These weights and measurements are } 
summarized in Table 7. Considering the average minimum width of the» 
grains in each group as the size of the sand, the sizes thus determined | 
checked closely with those reported as placed in the experimental filters, , 
except for Filter No. 8. In this case the measured size was somewhat i 
larger, probably because of the small number of grains selected, but it was} 
still within the limit of the size passing. 

Next, each of the fifty grains for each of the eight sizes was carefully wet ; 
to prevent air bubbles from adhering and was then dropped into a smalll 
glass tube filled with water, upon which marks were made exactly 36 in. apart. . 
The time that it took each of these grains to traverse the distance? 
between the marks was obtained by a stop-watch and the average was com-- 
puted (see Table 7). Especially in the larger sizes, some of the grains did! 
not settle in a straight line, but zigzagged back and forth across the tube.. 
This movement, evidently produced by their unusual shape, accounts for the 
long time it took some of the grains to traverse the 36-in. space. 

Before these data were secured, a number of grains from each of the; 
eight sizes were placed under a microscope, equipped with a euscope pro- - 
jector. The grains were magnified 12 diameters and the outline of each) 
was traced. Typical results, reduced to a magnification of about 6) 
diameters are presented in Fig. 16. 
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A DIRECT METHOD OF MOMENT 
DISTRIBUTION 


Discussion 


if. By Messrs. A. A. EREMIN, AND T. Y. LIN 


_ <A. A. Eremin,* Assoc. M. Am. Soo. O. E. (by letter).“*—The method of 
- distributing bending moments in rigid frames described by Mr. Lin has 
_ considerable merit. It gives direct distribution of bending stresses from the 
~ moment at one joint. Likewise, the method is convenient for the construction 
- of influence lines for bending stresses in rigid frames. 


Inflection 
Points 


STACRAC SE. 


ee A a 6 Ea ae ee 


Fig. 25.— DISTRIBUTION OF BENDING MOMENTS. 


The computation of bending moment stresses in a frame with two or 
- more spans loaded may be simplified by applying graphical methods. For 
neta Sh Pe pin ret ie es i ON nee 


Th > ers 


Norn.—The paper by T. Y. Lin, Jun. Am. Soc. C. H., was published in December 
1934, Proceedings. Discussion on this paper has appeared in Proceedings, as follows: 
March, 1935, by Messrs. L. E. Grinter, W. H. Huang, Felix H. Spitzer, Harold H. Wess- 
man, Egor P. Popoff, and_L. T. Hvans; May, 1935, by Messrs. C. §S. mater Leon 
‘Blog, Austin H. Reeves, E. J. Bednarski, John T. Howell, and I. Oesterblom ; and August, 
> 1935, by W. P. Li, Jun. Am. Soe. C. E. 
3 48 Assoc. Bridge Designing Engr., Div. of Highways, State Dept. of Public Works, 
Sacramento, Calif. 
#0 Received by the Secretary August 20, 1935. 
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example, consider Example 3 of the paper. In Fig. 25 the lengths of beams | 
and columns are assumed equal to 1. Points of contraflexure were determined 
with the modified carry-over factors shown by the author in Fig. 11. Bend- 
ing moments were distributed at joints using the modified stiffness factors | 
shown by the author. Carried-over bending moments were determined graphi- 
cally by means of the points of contraflexure in Fig. 25. The resulting end 
bending moments in the members will be equal to the algebraic sum of | 
moments scaled from Fig. 25 and fixed-end moments. 

Conventional rules for signs of moments in Fig. 25 are similar to those | 
introduced in the paper. Positive bending moments at joints are considered | 
clockwise and negative moments, counter-clockwise. The use of Fig. 25 helps 
to avoid an error in the signs of bending moments. By graphical methods, the 
distribution of moments can be visualized readily. Furthermore, graphical 
construction reduces the work of distributing moments. 


T. Y. Lin.“ Jun. Am. Soo. C. E. (by letter).“*—Judging from the interest- 
ing discussions of this paper, many engineers have evidently found it valuable. . 
Professor Grinter makes a thoughtful comparison with the original method; 
but he does not compare the two on the same basis. The members in Fig. 14: 
are all of uniform moment of inertia, whereas in Figs. 8 to 11, some are not. 
To make a fair comparison, the writer will solve Example 3 by a simplified | 
Cross method which, he believes, requires the least amount of written work : 
possible with that method. Instead of writing both the distributed and. 
carried-over moments at the same time, as Professor Grinter does, only ' 
the carried-over moments are written during the process of releasing joints } 
(see Fig. 26(b)); the distributed moments are to be computed and written at ; 
the end of the procedure as suggested by Professors Cross and Morgan.“ The: 
writer proposes to give values of the product, K y (Fig. 26(a)), in addition to: 
the stiffness ratio, K (which is the proportion of distribution of each member ' 


K of end of member 


> K of ends of all members at joint 
ing a joint one simply multiplies the unbalanced moments at that joint by ’ 
the value of K y for that end of each member and writes it at the farther end. , 
It also facilitates the work to put a check mark on an unbalanced moment : 
(whether a fixed-end or carried-over moment) after it has been released and | 
carried over to the other ends. This will eliminate any confusion in the: 
process of releasing a joint. To release the most unbalanced joint first and | 
to record the sequence of releasing is also very helpful. 

This also requires a certain amount of preliminary work, however. It will | 
be necessary first to record the K and K y-values for each end which should be : 
released. To simplify the work further, find the modified values of Keg, Kefs : 
Kaa, Kev, yaa, and yen by Equations (3) and (4). Then, for the unbalanced | 
moments, one begins by releasing Joint C, multiplying the — 100 (reversed 
Es OE eae eee Tame le TS 


41 With Ministry of Railways Chi i 4 ink | 
Szechnan, China. z nese National Govt., Care, Cheng-yii Ry., Chungking, , 
44a Received by the Secretary October 26, 1936. 


# “Continuous Frames of Reinforced Co ds | 
Mewere hie aoe: Oe eee nerete”’, by Hardy Cross and C. B. Morgan, , 


at a joint; that is, ), so that when releas- - 
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in sign) by the Walue of K y for CD and writing + 40 at End D. Then, at 
Joint D, the unbalanced moment = — 150 + 200 + 40 = + 90, which is 
poultiplied by the corresponding te y-values and written at the farther ends 


By 
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(b) SEQUENCE OF RELEASING JOINTS 
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LA 
(c) SOLUTION BY DIRECT METHOD 
Fig. 26.—SIMPLIFIED SOLUTION OF EXAMPLE 3. 


: of members concerned. For the terminal joints, A, B, F, G, H, and J, the 
“moments will be carried over at the end of the procedure. Continuing in 


yo Oe ae oe 
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the sequence shown, it is found that the values are converging rapidly, giving 
close results at the end of the ninth cycle. The unbalanced moment at each 
joint is then added and distributed to the ends of members meeting ai 
that joint in proportion to the K-values. Thus, at Joint D, the unbalancee 
moment is 245 — 135 = 110, which gives — 25 to Column DA, — 45 td 
Girder DE, etc. The final moments are then as shown in Fig. 26(c). Moments 
at Point A of Column AD and Point H of Column HD can now be found t¢ 
be —7 and — 9, respectively. 

To do justice to the direct method, it should be noted that Fig. 11 ha 
been made voluminous purposely in order to give the reader an unmistakabld 
understanding of the procedure. It can easily be simplified if one carries tha 
calculation to three significant figures and obtains moments for DA, DH, LF. 
and EJ by a single distribution at the end of the procedure. For exampl 


at Joint D, 218 — 180 = 38; — 38 x ee es 25 for DA; and 
5.5 + 3.0 
— 88 X preclilies = — 13 for DH. Then the computation will appean 
50 + 3:0 


as in Fig. 26(c). 

By comparing Fig. 26(b) and Fig. 26(c), there is seen to be little to choose 
between the two procedures. Each is simplified as much as possible. Perhaps 
the former requires a little more balancing, but less preliminary work. It 
must be noted that in Fig. 26(b), equations of the direct method have beer 
applied to four members. Had this not been done, more calculation 
would appear. 

The foregoing is a comparison of a typical case, but by a more extensive 
study, one can draw the following conclusions regarding the simplicity ot 
the direct, as compared to the original, moment-distribution method: 


(1) In many cases, especially where several conditions of loading are con 
sidered or where some members are of varying moment of inertia, this direct 
modification is simpler than the original method. 

(2) When the original method is simplified to the utmost extent, it com 
pares favorably with this direct method in most cases. 

(3) Either method has special applications to which it is best adapted, 
and, in many cases, there is not much to choose between them; but the simplest 
method is generally a combination of both, if one is thoroughly acquaint 
with their fundamental characteristics. 


Professor Grinter’s experience with the use of “end rotation constant” is 
probably correct; but it is no evidence against this much more general direct! 
method. Mr. Howell has indicated clearly the difference between the two. 

Curves, nomographs, or tables were used by the writer in the solution of: 
Equations (3) and (4). Curves such as those in Fig. 27 provide a bet 
means of visualizing the different factors. Stiffnesses, carry-over factors, a 
fixed-end moments of haunched beams can be found in many books: 


and pamphlets. ; 
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With reference to side-sway, the direct method can be applied in the side- 
“sway problem in the same manner as was done in the original Cross method. 
It is not necessary to describe the application. 
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=>) for Solution of Equation (4) 
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Bie; 27. 
Professor Grinter and Mr. Huang both suggested the idea of using 


instead of Koa + 2 Konm yy. Huang has further found 
Koa Koa 
the resulting error in the value of Kavm to be less than 2.08 per cent. How- 
ever, the writer finds that for haunched members the yap yoa-value. of which is 
oe than 0.25, the resulting error can be large, perhaps even more than 
25 per cent. Hence, the writer prefers the use of estimated values of Konm. 
With only a little practice, Kpnm-values can be estimated quite closely and the 
value of Kapm can be obtained from graphs with practically no error. 
The writer regrets that Mr. Evans’ discussion, interesting as it is, is 
apparently based on a misunderstanding. Equation (1) is simply a definition 


_ of the term, Rya, introduced to simplify Equations (3) and (4). It cannot 
be incorrect, as Mr. Evans claims, although it could appear in some other 


forms with corresponding changes in Equations (3) and (4) as Mr. Popoff 
states. That modified stiffness should be used for Members B:, Bs, and Bs, 
but not for Member .BA, is evident in Step 2 of the paper in which the writer 
took special care to point out that when Joint B is released, only Joint A is 
fixed, not the others. Hence, it is entirely wrong to apply the modified stiff- 
ness for Member BA as Mr. Evans has done in the major part of his discussion. 
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The product, ya» yva, refers to the carry-over factors of two ends of at 
member. It only changes with the moment of inertia variation, but has 3 
nothing to do with the degree of restraint at the ends of the member; Roa is a 
term denoting the relation between Kyra and & Konm. As long as Koa remains } 
unchanged, it has nothing to do with the moment of inertia variation. 

Many discussions have appeared regarding similarity of methods and | 
priority of concept. Although some are correct to a certain extent, others: 
have evidently been advanced without a sufficient study of the paper. Cer-. 
tainly, the more one knows, the more one comes to believe that there is | 
“nothing new under the sun.” There are many methods similar to that | 
proposed in this paper; however, none seems to be as widely applicable and. 
as simple as this direct method, and none is derived from the principle of 
moment distribution. 

The conjugate point method” is much like the German method—“Die 
Methode der Festpunkte’®; but all who have compared it with the moment 
distribution method agree that as a tool of analysis the latter is by far the | 
better. This means that it cannot compare with this direct method, which 
can be much more easily learned and more widely applied. 

It is to be regretted that the writer cannot obtain Dr. Zimmermann’s book, 
mentioned by Mr. Oesterblom, and the thesis presented by Mr. A. Efsen to the 
University of Copenhagen -in ‘1930 in fulfillment of the requirements for 
the degree of Doctor Technices, to which Theodore B. Host, Assoc. M. Am. 
Soc. C. E., has called the writer’s attention by correspondence; but he infers 
from the opinions of the discussers that the methods are not derived in the 
same manner and probably cannot be as easily and generally applied. 

Mr. Huang” has a paper published in Chinese that advances a similar 
method derived from slope-deflection equations. It is similar to other methods 
derived therefrom, but is more cumbersome. Probably the method presented 
by Mr. E. B. Russell” is most similar to that proposed by the writer. This 
method is developed from slope-deflection equations and introduces two rather 
complicated equations for finding the end moments. The same is true of the 
method” of T. F. Hickerson, M. Am. Soc. C. E., and that proposed by H. M. 
Hadley, Assoc. M. Am. Soe. C. E. 

In the original thesis,* there is a brief, but rather extensive, comparison 
of all methods of continuous frame analysis. It might prove interesting to 
one who is scholarly enough to make further investigations. After long study 
of, and experience with, the subject, the writer has come to the conclusion 
that although each particular problem may be solved best by a certain particu- 
lar method, it suffices for all purposes to have learned the Cross method and 
this direct method. The latter is most valuable in the visualization and study 


” Transactions, Am. Soc. C. E., Vol. 90 (1927), p. 1. 

*°“Berechnung der Statisch-unbestimmte Systeme”, von A, Strassner, Berlin, 1921. 
12 Journal, The Chinese Inst. of Engrs., Vol. 9, No. 5. 

47 “Analysis of Continuous Frames”, by Harle B. Russell, San Francisco, Calif., 1934. 
48 “Structural Frameworks”, by T. F. Hickerson, Univ. of North Carolina Press, 1934. 


et Assembly Stiffness Method of Stress Analysis”, 8 pages of notes by H. M. 
’ Thesis by T. Y. Lin presented to the Univ. 


the requirements for the degree of Master of Boel OT te ee artial, fulfillment of 


e in Civil Engineering, March, 1933. 
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_ of elastic properties of continuous frames and in the approximate but suffici- 
ently accurate estimate of moments in them. Any one who has learned the 
fundamentals of this method should be able to “write in” moments to a suffi- 
_ cient degree of accuracy. He should be able to see mistakes in analysis. He 
should be able to visualize the effect of haunching; the effect of restraint; 
and to see a continuous frame as he sees a simple truss. He should know 
what approximation can be applied in analysis, and were changes in design 
can be made for economy. 
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LATERAL PILE-LOADING TESTS 


Discussion 


By LAWRENCE B. FEAGIN, Assoc. M. AM. Soc. C. E. 


Lawrence B. Fracin,” Assoc. M. Am. Soo. CO. E. (by letter).“*—A wide 
range of thought and of methods of considering the problem of the reaction 
of piles to lateral loads is reflected in the discussions of the paper. The inter- 
est and consideration accorded it are gratifying and appreciated. The problem 
has been approached both from the standpoint of mathematical analysis and 
from that of experience. 

Mr. Cummings and Mr. Chang have both contributed ingenious mathe- 
matical analyses. They have sought to derive equations whereby the follow- 
ing may be determined: (a) The curve of deflection of the central axis of a 
pile subjected to a lateral load; (b) the horizontal deflection of a pile sub- 
jected to a given lateral load; (c) the length of the pile from the top down- 
ward, which is moved, also referred to as the bent length; (d) the relationship 
of the portion of the load resisted by the rigidity of the pile itself to that 
resisted by the soil; and (e) the stresses in the pile. : 

The writer has studied, with interest, each of these discussions as well 
as the assumptions made in each, and believes that perhaps a brief comparison 
may be of assistance to those who may hereafter have occasion to refer to them. 

Mr. Cummings has assumed that the equation of the central line of the 
deflected pile can be expressed by the power series, Equation (1), and assumes 
certain boundary conditions whereby the formula of the deflection curve of the | 
bent pile is established in the form of his Equation (2). 

Mr. Chang has applied the theory presented by Professor 8S. Timoshenko” 
for determining the deflection of a bar supported along its entire length by a 
continuous elastic foundation, and has arrived at a corresponding formula 
of the deflection curve of the pile (his Equation (36)). 


: Norr.—The paper by Lawrence B. Feagin, Assoc. M. Am. Soc ; 
in November, 1935, Proceedings. Discussion on this paper has appeared’ bere aaa : 
as follows: November, 1935, by A. E. Cummings, Assoc. M. Am. Soc. C. E.; Januar ‘ 
1936, by Messrs. J. C. Meem, and T. Kennard Thomson; February, 1936 “by "August ®. 
Niederhoff, Jun. Am. Soc. C. B.; August, 1936, by Messrs. Lazarus White and Y. Li ; 
Chang; and September, 1936, by D. P. Krynine, M. Am, Soc. C. E. ae 


% Senior Engr., U. S. Engr. Office, St. Louis, Mo. 
*a Received by the Secretary November 12, 1936. 
se“Strength of Materials’, by S. Timoshenko, Pt. II, p. 402. 
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yo 


F It will be noted that Equation (36) is of a form which will produce a 
sinusoidal curve of diminishing amplitude. In general, this latter type of 
equation will give a curve which is more nearly in keeping with the actual 
“movement of the pile. 

After proceeding with his analysis far enough to determine an expression 
for the bent length of the pile, Mr. Chang, however, concludes that the pile 
is practically vertical and rigid at a depth of one wave length, thus indicating 
that Mr. Cummings was justified in assuming that for all practical pur- 
poses the deflection curve has a vertical tangent at depth, L. 

In order, for comparison, that it may have the same unknowns as occur in 
Equation (36), by substituting from Equation (31), Equation (2) becomes: 


OuGp ae Pane 
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Equations (36) and (58) both have two unknowns which must be deter- 
mined by test; that is, f and Hs, the elastic modulus of the soil. Mr. 
- Cummings assumes that the elastic modulus of the sand increases directly 
with the depth of the sand, whereas Mr. Chang assumes that the elastic 
- modulus is a constant. The writer believes that the former assumption is more 
nearly correct, notwithstanding the possibility, as suggested by Mr. Chang, 
_ that the elastic modulus may be affected by the compaction of the soil in the 
_ driving of the piles. 
Mr. Cummings determined the relationship between the horizontal load, H, 
and the top deflection of the pile as expressed by his Equation (26). It is 
- interesting to note that in this formula the first term, representing that part 
of the load carried due to rigidity of the pile, is much less in magnitude for 
- large values of L, than the second term which represents the part carried by . 
the soil. This indicates the important réle played by the soil in resisting 
lateral loads. On the other hand, it will be observed that for small values of f, 

which it seems reasonable to assume will also be accompanied by correspond- 
ingly small values of the bent length, D, the first term will represent a large 

- proportion of horizontal load, H. This indicates the importance of the struc- 

tural rigidity of the top few feet of the pile if the top deflection, f, is to be kept 
small. It should be borne in mind, however, that the extent to which results 
from this equation can be relied on depends primarily upon the accuracy with 
which the bent length, L, and the elastic properties of the soil (represented by 
w) are determined. 

Mr. Chang has developed a corresponding expression (see his Equa- 
tion (55)) which may be written as: 


; H - H 
sui (4 a / 4 EI (E,)t 


yo-st F(DS) 
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In Equation (55) he has combined in a single term the resistance due to 
the rigidity of the pile and to the passive resistance of the soil. The relia- 
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bility of this equation is also dependent upon the accuracy of determination 
of FE, which, in turn, is dependent on the bent length of the pile, as well as 
the elastic properties of the soil. 

Tt will be noted that both Mr. Cummings and Mr. Chang have developed 
a single value of bent length of pile and each has used his respective single 
value throughout in computing deflections for the various loads as a basis for 
comparison with the test data (see Fig. 20 and Fig. 28). This probably 7 
accounts in large measure for the fact that the calculated results by both 
equations show greater deflections for the lower range of loads than the testt 
results. Mr. Cummings uses a computed bent length of 10.2 ft, and Mr. Chang: 
uses L = 11.35 ft. Attention is invited to the fact that the writer stated int 
the paper that at a load of approximately 30 tons per pile and with a top) 
deflection, f, of 1% in., it was estimated that the bent length of the pile was } 
about 10 ft. For small loads, it is undoubtedly less. 

It is believed to be apparent that the depth to which movement occurs in . 
a pile subjected to a lateral force at the top is dependent upon: (a) The physi- - 
eal characteristics of the pile, such as H and J; (b) the elastic modulus of the : 
soil; and (c) the amount of the horizontal force and the resulting lateral 
movement at the top of the pile. 

It is believed, therefore, that any mathematical expression which purports . 
to give the depth of movement should, either directly or indirectly, contain 
all these factors. The formula developed by Mr. Cummings is Equation (31) 
and the corresponding formula developed by Mr. Chang is Equation (40). In 
each of these two expressions it will be noted that terms for both the physical 
characteristics of the pile and the elastic modulus of the soil are included, but 
there is no term for either the amount of the horizontal force, H, or the 
deflection, f. The results from these formulas are largely dependent on 
the values assumed for the “dimensionless coefficient, w,” and Hs. Based 
on these formulas the depth of movement would be the same with a deflection, 
f, of either 0.25 in. or 6 in. at the top, or with a lateral load, H, of 5 tons or 
40 tons. It is obvious that this is not correct. The small-scale model tests 
made by Mr. Cummings (see Figs. 22 and 23) indicate quite clearly that 
the large rods had a greater depth of movement than the smaller rods. The 
top deflection of all three rods was about the same (1 in.), but a greater 
force, H, was required to move the 4-in. rod than the yy-in. rod, thereby 
causing a greater depth of movement in the more rigid rod. 

Mr. Cummings was evidently aware of this and in his discussion states 
that “it should not be concluded from this that the bent length is independent 
of the deflection.” He then justifies Equation (31) on the grounds that it is 
a combination of Equations (5) and (12) both of which are “based on the 
usual theory of elastic structures in which the displacements are required — 
to be very small in comparison with the dimensions of the structure.” 

The writer does not desire that the foregoing comments on these two excel-. 
lent discussions be construed as implying that he does not believe: that the 
mathematical analyses are of practical value; they mark an important begin- 
ning in a field in which much remains to be done. He does desire, however, 
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to point out the limitations of certain of the equations, in order that they 
may be used with proper caution. The equations for deflection check the 


- particular tests results described in the paper quite well and, for loads within 


the range normally pertinent to design problems, give results which, subject 


_ to the additional considerations given subsequently, appear, in general, to be 


on the side of safety. Furthermore, a careful consideration of the deriva- 
tions of the bent length provides an approach for the problem of determining 
the length of pile required to be driven to resist a given lateral load. 

Both Mr. Meem and Mr. Thomson have emphasized very properly the fact 
that the conclusions given in the paper were distinetly limited to the soil 
conditions and piling arrangements under which the tests were made. The 
writer recalls reading at one time that Darwin is reputed to have said in effect 
that “the greatest danger to scientific investigation is generalization based on 
limited experience.” This statement is especially applicable to investigation 
of problems relating to soil foundations. It is apparent that when movement 
oceurs in the entire foundation, such as that resulting from the movye- 
ment of the glacial drift described by Mr. Meem, or from quicksand or wet 
clay in the subsoil stratification in the cases cited by Mr. Thomson, the results 
of the tests described in the paper are clearly not applicable. Each foundation 
should be treated as a distinct problem in itself, and the extensiveness of field 
investigations and office study made dependent upon the importance of the 
stability of the foundation. 

Mr. Niederhoff has ably presented the results of lateral loading tests con- 
ducted under the direction of Major Dwight F. Johns, Corps of Engineers, 
U. S. Army, District Engineer at St. Paul, Minn., in the vicinity of Lock 
No. 8, near Red Wing, Minn. An ingenious method simulating a condition 
of fixation of the top of the pile was used. It is rather surprising that in 
the soft material such as that described by Mr. Niederhoff no greater lateral 


- movement occurred. This may have been due, in part, to the fact that except 


for a 4-in. space adjacent to the test pile the ground was frozen to a depth 
of 6 in., thus confining the soil. Furthermore, the low temperature may have 
greatly retarded or prevented plastic flow of the foundation soil which might 
otherwise have occurred. With the exception of Tests Nos. 12 and 16 for 


' which notations of 5-min. intervals are given, the length of time that each 


test load was sustained is not given. If the loads had been sustained for sev- 
eral days it is possible that greater deflections might have occurred. 

Mr. Niederhoff has referred briefly to the lateral movement of,9 in. of a 
portion of the river wall of Lock No. 5A on the Mississippi River, at a time 
when the lateral force computed by usual methods was only about 3.5 tons 
per pile. This force was caused by an unbalanced hydrostatic load which, in 
the writer’s opinion, may have produced a partly quickened condition in the 
foundation sand, giving rise to a much greater actual active load on the foun- 
dation piling, especially on the steel sheet-pile cut-off wall, and, at the same 
time, reducing the passive resistance of the foundation sand. This condition, 
combined with the presence of slippery clay and the vibration from pile- 
driving in the immediate vicinity, can easily account for the movement. The 
presence of wet clay alone might have caused it. Under these conditions it is 


: 


| 
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quite probable that the lateral movement may have extended to the tips of 
the piles. It is interesting to note that notwithstanding a movement of about 
9 in. this wall remained vertical and did not settle appreciably. . 

Quite properly, Mr. White calls attention to the “danger of extending 
observations or calculations made on single piles or on a small group, to a 
large group, such as is ordinarily done.” In some soils under certain condi- 
tions such an extension may be entirely satisfactory, whereas for other soils 
under the same conditions, or for the same soils under other conditions, extrapo- 
lation of observations on single piles or a small group to a large group, 
might result in failure. Mr. White very ably discusses large move- 
ments of groups of piles serving as foundations to concrete walls, 
and the writer is in accord with his suggestion that, in many instances, 
more positive means of insuring lateral stability by use of struts 
or ties or other precautionary measures may be highly desirable. The possible 
effect on structures subjected to lateral loads of vibration such as that result- 
ing from driving piles within a radius of 50 or 75 ft, should be carefully con- 
sidered, especially when the structure rests on a foundation soil which itself 
may be affected by vibration. 

Professor Krynine has added to the value of the paper by citing and briefly 
discussing a number of other tests on this interesting subject, including tests 
made by himself on pile models. He has also given an interesting discussion 
of the “Theory of the Zero Point.” The writer agrees that there is a zero 
point, but believes that, for piles of the length described in the paper, instead 
of rising from some point, Z (see Fig. 29), to the ground surface with 
increasing horizontal load, the zero or pivot point (or point about which rota- 
tion occurs, as others refer to it), is nearest the surface with small lateral 
loads and moves downward with increasing loads. The location of the zero 
point, which serves to define the bent length of the pile, is regarded by the 
writer as being a variable which depends on the relationship between the physi- 
cal properties of the pile (such as size, shape, elastic modulus, and length) — 
and the elastic properties of the soil, and upon the magnitude of the lateral 
load. 

Professor Krynine suggests that in Fig. 32(c) the line, N M, is longer than 
the line, NV M’; and concludes that the pile is pulled out at Point N, which | 
contradicts the assumption of ideal embedment at that point. The writer 
agrees that, in order that lateral movement may occur, either the pile must 
be slightly, pulled up, or the top of the pile slightly lowered as it is bent, or 
the pile must be elongated. That there is a tendency even at low loads for the 
pile to be pulled up is believed to be clearly indicated by the extensometer 
readings described in the paper. These readings indicated that the fiber stress 
in the compression side was only about 60% of that in the tension side (see 
Fig. 13). Furthermore, in the final test on Monolith No. 6, with an extreme | 
load of about 40 tons per pile, the two concrete piles nearest the jack were — 
actually pulled up about 3 in. whereas the lateral movement was about 6 in. 
For all practical purposes, however, within the range of lateral loads normally — 
considered in designs, it is believed that it may be assumed that the lower — 
part of the pile is fixed. ~ : 
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The writer agrees heartily with Professor Krynine that it is very desirable 
that the scope of the tests described in the paper be extended, particularly to 
other types of soils and other piling arrangements, including piles battered in 
both directions. : 

In conclusion, the writer wishes again to call attention to the fact that the 
conclusions given in the paper were confined to the soil conditions and piling 
arrangements under which the tests were made. He also wishes to thank those 
who have participated in the discussions for their contributions to this 
interesting subject. 
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WIND STRESSES IN REINFORCED CONCRETE 
ARCH BRIDGES 


Discussion 
By A. A. EREMIN, Assoc. M. AM. Soc. C. E. 


A. A. Eremtin,” Assoc. M. Am. Soc. C. E. (by letter).**—An interesting 
method of computing wind stresses in arch bridges, devised by Professor 
Maurice Levy’, was described by Mr. Blog who, in discussing its various 
advantages, has not shown its serious limitations. Equations for wind stresses 
developed by Professor Levy may be applied only to a single arch rib. In the 
numerical example of wind-stress computations in an arch bridge with two 
steel ribs, braced with San Andreas cross-braces, as solved by Professor Levy, 
it was assumed that the bracings were absolutely stiff and two arch ribs were 
considered as a single arch rib. A similar method of analyzing wind stresses 
in reinforced concrete arch ribs with elastic braces, such as that shown in 
Fig. 3, would involve a serious error. 

The graphical construction for computing wind stresses in a symmetrical 
arch rib shown by Mr. Blog, was devised by Professor Levy for a case in 
which the product of the moment of inertia of the arch rib and the cosine of 
the angle between a tangent to the arch axis and the horizontal, is a constant. 
A similar graphical construction of moments in the arch rib in Fig. 3 would 
require complicated computations for locating the line, u-v, in Fig. 4. In 
this case, analytical computations are much shorter. With a mechanical cal-— 
culating machine the coefficients in Table 1 may be computed in few hours. 
Furthermore, they may be computed with a slide-rule with reasonable accuracy 
for practical purposes. 

Mr. Blog could not understand why the torsion moment, my», contributes 
anything to the value of 6, or that the bending moment, my contributes any- 
thing to the value of t. This may be proved with reference to the similarity 


Nore.—The paper by A. A. Eremin Assoc. M. Am. Soc. C. E., was published in 
December, 1935, Proceedings. Discussion on this paper has appeared in Proceedings, as 
follows: April, 1936, by Leon Blog, Assoc. M. Am. Soe. C. E.; August, 1936, by Messrs. 
Fang-Yin Tsai, and Paul Andersen; and September, 1936, by Louis Blume, Esq. 

® Assoc. Bridge Designing Engr., Div. of Highways, State Dept. of Public Works, 
Sacramento, Calif. 

¢ Received by the Secretary November 4, 1936. 


“La Statique Graphique”’, Pt. III, by Maurice Levy. 


December, 1936 EREMIN ON WIND STRESSES IN ARCH BRIDGES 1595 


between forces and deformations in the plane of the arch rib. Vertical forces 
in this plane produce vertical and horizontal displacements. Likewise, hori- 
zontal forces also produce vertical and horizontal displacements. Therefore, 
Equations (32) and (33) are incorrect if applied to arch ribs. 

In evaluating the coefficients, O1m and Cyt, Mr. Blog erroneously considers 
the angle, ¢, as a variable, which precludes the possibility of verifying the 
writer’s equations. Contrary to Mr. Blog, wind pressures do have an effect 
on direct stresses in arch ribs. Such stresses in Equation (2) were not con- 
sidered because they are negligible. In straight beams with ends fixed, which 
sustain transverse loads the direct stresses are never considered. However, 
it does not indicate that, in a beam completely fixed at the ends, transverse 
forces have absolutely no effect on direct stresses. Mr. Blog cites the writer’s 
assumption that, in the braced arch ribs in Fig. 3, both arch ribs resist the 
same amount of wind pressure, stating that this condition penalizes the sys- 
tem severely. The writer does not agree since, by means of rigid braces, wind 
forces from the windward rib are transferred to the leeward rib in such a 
manner as to involve both arch ribs equally. For all practical purposes this 
assumption is correct and facilitates the location of the points of contra- 
flexure in the braces. 

Professor Tsai states that in developing Equations (3) and (4) by means 
of Castigliano’s theorem, the writer failed to show all the steps. This theorem 
is described in standard textbooks on strengths of materials™ sufficiently to 
reveal all the steps between Equations (2) and (3). The method involving 
the idea of a “dummy” unit force at a displacement point also follows from 
Castigliano’s theorem. 

The values in Table 1 were computed by the method of approximate sum- 
mation. The arch rib was divided into voussoirs as shown in Fig. 3. The 
physical properties of the voussoirs were computed at their centers of gravity. 
The limits of integration are shown in Table 1; and, for the half arch rib, the 
limits are from the springing to the crown section. 

Mr. Andersen’s Equation (34) is similar to Equation (5) developed for a 
single arch rib. It is to be noted that, in the braced arch rib shown in Fig. 3, 
Equation (34) cannot be used for computing the bending moment at the 
springing. From Equations (5) and (6) the bending moment, Mz, and 
the torsion moment M,, at the springing, in a single arch rib, are: 


M, = — f[ wtuds + My cosa aa. stasis Seas eT (89) 


and, 
M,= + f wtvas ao ig Muha es Pan ceh os eam) 


The bending moment, Mzs, and the torsion moment, Mrs, at the springing 
of the braced arch rib in Fig. 3 are: 


Msg = — [ wiuds + Mc cosa — Riasina + Ry a cosa... .(4l) 


a f ation regarding Castigliano’s theorem and the originality of Max- 
well’s “AOE rem ber toons in’ Strength of Materials”, Pt. I, by 8. Timoshenko, 
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and, 


Mira + f wtods —Mesina + Riacosa — Reasina... .(42) 


Equations (39) to (42) may be used for computing wind stresses in filled or 


spandrel open arch bridges such as that shown in Fig. 5, as stated by Mr. 
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Fie. 6.—SPANDREL FILLED ARCH BRIDGDR. 


Andersen. Fig. 6 shows a symmetrical spandrel filled arch bridge, subjected 
to a wind pressure, P, on a vertical strip, dz. In this case, 


Fee A 2 LN Le hea petite le. Sule e eee Sa 


The force, P, is concentrated at the center of the strip but it may be- 
transferred to the arch axis as a force, P, and an overturning moment, thus: 


Mie =" Pre nay SH « 6s AG aa ee ee (44) 


Therefore, the wind stresses in the arch rib in Fig, 6 are equal to the sum 
of the stresses computed with concentrated forces, P, acting along the arch © 
axis, and the overturning moments, M>. Wind stresses and deformations 
produced by Force P may be computed by means of Equations (1) to (18). 
The deformations and stresses in an arch rib sustaining overturning moments, 
M,, may be developed by means of Equations (3) and (4). 

The moments, my and my, in the arch rib due to an overturning moment, 
Mp, are: 


My = — f sin @ ds + Mmw cos d........+2.4. + (45) : 
and, : 


my = + ff Me cos # ds der Mentg siti otic 
7 


7 
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ar, 
in which Mmw is the bending moment at the crown due to the symmetrical 

overturning moments, Mp. From Equations (45) and (46) and Equations (7) 
_ to (10), the deformations in an arch rib sustaining symmetrical moments, M>, 
are found to be: 


z Ome = — f [eos od f Mp sin ¢ ds + y sin } if M>p cos > ds | dw 


ap Minw f (cos* =- y sin” ¢) TOT Oars an ieee aed a) 
and, 


Tmw = [| sin of Mm sin ¢ ds — yes f M, cos $ ds | dw 


+ Mmw f (r= )esin & cos pb dw. seus. sess s-s (48) 


In an arch rib with symmetrical wind pressures, the deformation, @mw, at 
_ the crown is equal to zero. Therefore, from Equation (47), the bending 
-moment at the crown is: 


ff | 08 o { Ue sin @ ds + y sin @ [ Mr cos $ ds |dw 
J (cos o + y sin’ d) dw 


For integrating Equations (47) to (49), the overturning moment, M,, should 
be expressed as a continuous function. However, in practice the integration 
é ‘may be performed as an approximate summation without serious error. The 
arch rib is divided into a convenient number of vertical strips and forces, P, 
with overturning moments, M>,, computed for each strip. Strips that intersect 
the arch rib are considered as arch voussoirs and are treated in the manner 
shown in the illustrative example given in the paper (see Fig. 3). 
_ Evidently, in the summation, the wind forces, P, the moments, M>, and 
the physical properties of an arch rib must be considered at the centers of 
gravity of the voussoirs. An approximate method of summation is especially 
“convenient in open spandrel arch bridges, in which wind-stress pressures vary 
“abruptly along the arch axis, at the spandrel column. 
- Mr. Blume has shown the intermediate steps in developing Equation (13) 
from Equation (2). However, he was incorrect in considering the ratio, y, ta 
‘be constant. Obviously, it varies, along the arch axis, with the moment of 
‘inertia, J, and the torsion factor, F. 
In closing, the writer wishes to express his appreciation for several inter- 


esting contributions to the discussion. 


a 


ea easy 


AMERICAN SOCIETY. OF “CIVIL, ENGINE 
Founded November 5, 1852 


DISCUS oS iOmx:S 


ADMINISTRATIVE CONTROL OF 
UNDERGROUND WATER: 
PHYSICAL AND LEGAL ASPECTS 


Discussion 


By Megssrs. H. J. F. GOURLEY, AND O. J. BALDWIN 


H. J. F. Gourtry,” M. Am. Soo. OC. E. (by letter).“*—The subject-matter 
of this paper is of great interest, if only as an indication of the variation ix 
the practice in different parts of the United States, and forms a valuable 
record. To complete the picture, the following notes of the position in 
England are submitted.* 

In 1859, the highest legal tribunal—the House of Lords—established the 
principle that the rights of riparian owners, in respect of water flowing it 
visible surface streams or in known and defined channels, do not apply td 
underground water which simply percolates into and through the ground ana 
has neither certain course nor defined limits. Subsequent cases decided ini 
1881, 1886, and 1902, made it clear that a “defined” channel is one which i 
definitely contracted and bounded, although the actual course of a channe¢ 
may be undefined by human knowledge, and, furthermore, that a defined subl 
terranean channel must be “known” not by excavation but by reasonabl: 
inference from observations on the surface of the ground. 

By these decisions an owner claiming riparian rights in the flow of wate 
in a subterranean channel must prove the existence of such a channel witho 
recourse to excavation, and as recently as 1932 this statement of the legai 
position was affirmed by the Court. The general position, therefore, is tha 
there is no property right in underground water, and nothing to prevent th: 


sinking of a well on land adjacent to the site of an existing well, to the possibl) 
detriment of that well. 


Note.—The paper by Harold Conkling, M. Am. Soc. C 
1986, Proceedings. Discussion on this paper has Spears in Proceedings, as follows 
August, 1936, by Messrs. Joseph Jacobs, and W. D. Faucette and J. E. Willoughby ; anij 
September, 1936, by R. E. Savage, Assoc. M. Am. Soc. C. BR. 

“Civ. Engr. (Binnie, Deacon & Gourley), Westminster, London, England. 

#0 Received by the Secretary October 23, 1936. 


18 See “Recent Developments in British Waterworks Practice’, by H. J. F. Gourlez 
Journal, New England Water Works Assoc. (Publication pending.) Ms z “ 
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As between neighboring industrial concerns using underground water, 
_the principal effect of the existing law has been that when “Peter” robbed 
“Paul” by sinking to, and pumping from, a greater depth than “Paul”, the 
_latter’s only remedy was to deepen his own well and pump from still greater 
depths, and the only people who gained were the well sinkers. 

Until comparatively recently an industrial concern using more than 100 000 
_ gal of water per day from an underground source was the exception; within 
the past decade, artificial silk and other specialized works have been estab- 
lished, and these, by drawing on underground resources to the extent of 
} several million gallons per day in some cases, have so depleted (over-pumped) 
the area in which the works happen to be, as to affect adversely the yield 
of public wells upon which the community relies for all or part of its supply. 

It will have been appreciated that a private individual or manufacturing 
} concern has only to buy land in order to have the indisputable right to obtain 
such water from underground sources as the strata are capable of yielding. 

_ When, however, a public authority or statutory water undertaker“ con- 
templates the augmentation of its resources by an underground supply, the 
| position is not so simple, since the authority of Parliament or of the Ministry 
of Health must be obtained first. Parliamentary plans are then deposited in 
“both Houses (that is, the House of Lords and the House of Commons), 
in other specified places, and with Government departments. A Bill is pre- 
pared describing the “works” for which powers are sought, and among its 
other provisions is a so-called “protective clause.” At the same time, by 
notices published in the newspapers, all persons or interests likely to be con- 
cerned are made aware of the proposals of the Bill, which is, in due course, 
‘the subject of inquiry, in turn, by a committee of each House. The pro- 
‘moters and the various opposing interests are represented by counsel and 
‘supported by engineers, and other technical witnesses, and, in the sequel, the 
Bill emerges as an Act upon receiving the Royal Assent, although, generally, 
/with amendments put upon the promoters by one or other committee or 
‘inserted by agreement with opponents. It is by such an Act that a public 
authority is empowered to purchase land by condemnation, if agreement is not 
possible, and to sink a well or wells, and to build other structures, on it. For 
‘less important works and where there is no opposition, a simpler and less 
“expensive procedure is available, for the Minister of Health has authority to 
grant a Provisional Order, which must subsequently be confirmed, if not then 

opposed, by Parliament. 
For thirty years or more most private Acts involving the construction of 
wells have included the protective section previously mentioned. Under this 
‘section, the owner of any well or spring (and, sometimes, pond) within a 
specified radius, used at the date of the Act as a source of water supply, who 
ean prove that his supply has been diminished as a consequence of the pump- 
ing at the authorized well, is entitled to compensation in water, or otherwise. 
The radius of protection varies with the geological formation and in special 
“4 Throughout this discussion the term, ‘‘undertaker’”’, means, according to the context, 


“a municipal authority or a public utility company empowered by statutory authority to 
‘construct and operate works for supplying water within a specified area. 
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circumstances, but it is usually 1 mile for wells in chalk and 2 miles for 
wells in Triassic sandstone. It also sometimes happens that, having regar 
to representations made during the Parliamentary proceedings on behalf of 
opposing statutory water undertakers, a limit is put on the quantity that may 
be pumped in any day. 

Thus, it will be seen that, whereas private individuals have been unfettered 
in their exploitation of underground water resources, those charged with the 
duty of affording supplies to the community have, by precedent and practice: 
been restricted as it were outside the general law; and until 1936 there was 
no case of reciprocal protection being given to the public authority and nothi 
ing in law to prevent an industrial concern, with the knowledge that an 
authorized well had proved the presence of a large supply, from sinking it? 
well immediately adjacent to the authorized well and developing it so as serii 
ously and adversely to affect the yield of the authorized well. 

Partly to meet the growing needs of its area of supply and partly because 
one of its authorized wells had had its yield reduced from 1500000 to 700 000 
gal per day in the course of eight years, the Wolverhampton Corporatior 
sought Parliamentary powers this year (1936) to sink additional wells ay 
some distance from the Borough. The reduction in yield was attributed tc 
the pumping of increasingly large quantities (now about 2000000 gal per 
day) from the same Triassic formation by an industrial concern the work 
of which are within the Borough and less than a mile from the well; and evii 
dence was given to the effect that, in the course of a few more years, the yielc 
of that well would become so small as not to be worth pumping by tha 
Corporation. 

Although the Bill, which included the usual protective clause with a radius 
of 2 miles, was opposed, it emerged with a reciprocal clause by which, after 
the date of the Royal Assent, no land-owner within the same radius could sink 
a well or otherwise abstract underground water, except by consent of tha 
Corporation, except for the domestic supply of persons on his land, fon 
the watering of stock, or for other purposes of an agricultural nature con: 
nected with the product of that land. It was not the intention of the Cor 
poration to impose undue restrictions on the normal development of the land: 
within the 2-mile radius, and the clause was definitely directed to preventing. 
the incursion of large industrial works. The clause provided that on refusa 
by the Corporation of consent to sink a well, the land-owner may requir 
the Corporation to afford a supply at cost price to the Corporation 
although there is no obligation if by so doing there is likely to be interference 
with the Corporation’s ability to maintain either the supply for domestic pu 
poses within its statutory limits of supply, or with existing trade supplies 
nor if the aggregate of such supplies, together with what water was necessary 
to compensate owners of existing sources within the radius of protection 
exceeds the yield of the authorized well. 

Having regard to the extent to which underground resources were beit 
exploited without control, water-works undertakers for many years hay 
been pressing for general legislation to control the development of und 
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ground sources, and advocating a system of licensing by which regard would 
‘be had to the limits of potential yield of particular underground basins; and 
during the past two or three years the Institution of Water Bae of 
| Great Britain, acting jointly with other associations representing water-works 
} interests, has made representations to the Minister of Health which were sup- 
| ported by him in a memorandum placed before a Joint Committee of both 
} Houses of Parliament which sat at intervals during 1935 and 1936. This 
Committee reported on July 29, 1936, and, after referring to the anomalous 
“position of water supply undertakers as compared with private individuals (as 
previously described), states that “it would be more equitable and more in 
the public interest if property owners were treated in the same way as water 
‘undertakers in any project where the former may wish either to sink wells 
‘below a certain depth or extract more than a certain quantity of water from 
| them except for their own agricultural or domestic purposes.” It remains 
} to be seen how far general legislation follows this recommendation; it is 
sufficient to observe that the Wolverhampton Act is in advance of the general 
} law as it now stands, and since, in the absence of general legislation, Parlia- 
| “mentary Committees on Private Bills are more often than not guided by prece- 
dent, this Act will serve as an argument in favor of similar provisions in 
future Bills. 

So far as regional considerations affect underground-water resources and 
/ supplies, the problem is by no means as simple and as capable of reasonably 
clear-cut limitations as in the case of surface supplies. To appraise with any 
} reasonable and approximate degree of accuracy the limits of a particular 
“underground basin, its rate of replenishment, its storage capacity, and its 
potential yield, is a difficult and often involved undertaking. In most cases 
“it is only after years of exploitation that it becomes apparent, on an investi- 
gation and consideration of ground-water levels, on the character of the water 
yielded, or on a combination of these factors, that water is being extracted 
| in excess of replenishment. Often, particularly in areas adjacent to the 
“sea, it is too late to remedy a partial or complete spoilation of an otherwise 
‘potable supply which has resulted from over-pumping in such circumstances. 
~ What has been stated herein, indicates that there is now a tendency in 
“England toward what the author describes as the “American rule” and also 
to what may be considered as a measure of State control. In so complicated 
a matter, the step-by-step approach, as the author observes, is probably the 
safest ie and one which will allow of re-orientation in the light of 


experience. 


© O. J. Batowin,* Jun Am. Soc. OC. E. (by letter).““—The able manner in 
which this paper has been presented is a subject for congratulation. The value 
of administrative control of underground waters is well emphasized and a 
careful study of the paper would be of great value to all concerned with the 


‘utilization and conservation of this natural resource. 


ee 
15 Chf. Engr., The Iowa State Planning Board, Ames, Iowa. 
ise Received by the Secretary November 9, 19386. 
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There are other aspects of the use of underground water, not mentioned by 
Mr. Conkling, which are of major importance in many States, particularly in 
the humid sections in the Mid-Western and Eastern United States where irri- 
gation is not an important water use. In this region the demands of business § 
and industry upon underground water for air-conditioning and industrial use 
have placed drafts of such magnitude on small areas that static levels are 
being, and have been, seriously lowered. The continued exploitation of under- - 
ground waters will result in conditions which, undoubtedly, will produce a 
fifth doctrine of law, or a modification of the fourth doctrine discussed by 
the author. 

Specifically, the point that must be decided by the Courts, or written into 
future legislation, concerns the proposed use of the water. Shall the municipal 
or domestic consumption of underground waters be considered a more basic or 
fundamental use than those of industry (manufacturing), refrigeration, and 
air-conditioning? If so, what shall be the priority of use, and shall a prior 
claim on the underground waters be subject to condemnation proceedings to 
meet the needs of a more fundamental use, as is the case with surface waters 
in some States? Inasmuch as air-conditioning and refrigeration may be 
obtained by other, although more expensive, means it would appear that the 
development of sub-surface waters for these purposes should be definitely 
controlled by legislative action. 

Legislative control of air-conditioning and cooling usage should not be 
construed as a prohibition of such usage. Where the cooling effect is obtained 
by circulation through a closed system, the water may be returned to the 
source, through recharge wells, without changing the mineral or bacterial 
content. This method of maintaining the static level has already been used 
successfully in some of the Eastern metropolitan areas. 

The use of a recharge well at a point removed from the supply well is 
more expensive to the individual user than wasting the water into sanitary 
sewers. On the other hand, the overloading of the sanitary sewerage system 
and the sewage disposal plant of a municipality with waste water from air-con- 
ditioning plants will greatly increase the cost of operation and maintenance. 
Already, some cities have found legislative action necessary to force the opera- 
tors of air-conditioning plants to cease overloading sanitary sewers by con- 
necting to the storm sewers. It is not unlikely that a continued development 
of sub-surface waters (provided the supply is not exhausted) may lead to an 
overloading of storm sewers also. Even if the storm sewers prove adequate to 
carry the flow, the wasteful use of artesian water is not halted. Viewed in 
the light of conserving the underground waters, any reasonable increase in ex- 
pense, incurred in returning the waste water from closed-circuit air-con-- 
ditioning plants to the ground, can be justified. 

The use of a recharge well presents certain problems aside from those of 
expense. Foremost of these are the questions of minimum spacing between 
wells to prevent recirculating the returned water, and the temperature rise 
to the return of the heated water. The interval between recharge and supply 
wells must be determined by studies of the individual cases, giving due weight 


ze 
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to the porosity of the aquifer, the movements of the artesian stream, the loca- 
tion of adjacent wells, and other factors peculiar to the site. 

A rise of only a few degrees in the temperature can materially lower the 
efficiency of a refrigerating or air-conditioning system. To offset the tem- 
{ perature rise, it seems entirely possible, from the practical aspects, to utilize 
a closed system with a recharge well both as a cooling system in the summer 
and a heating plant in the winter. With an underground water temperature of 
50 to 60° it would be possible to use the cooling system as a heating plant 
probably 20% of the year. A temperature differential of only a few degrees 
would permit a material saving in fuel costs in heating fresh air brought into 
the building, whereas warehouses might be completely heated to a satis- 
factory temperature. 

Temperature differences of 75° would be quite common for short periods in 
‘the Northern United States. Under such conditions it is possible that suffi- 
cient “cold” could be stored in the sub-surface formations to eliminate the 
temperature rise of the following summer. It is quite likely that an actual 
| economy could be effected, over a yearly operation of individual heating and 

air-conditioning plants, that would more than offset the added expense of a 
closed system. Regardless of the comparative cost, however, a less wasteful 
} usage of sub-surface water resources will be one of the conservation problems 
of major importance in the near future. 

The need of wisely drafted legislation, based on a thorough study of the 
water resources, is most urgent. The Engineering Profession is perhaps as 
responsible as any one group for the uncontrolled exploitation of this natural 
resource. It is now its responsibility to encourage the conservation of 
artesian waters and to lend its support to obtaining legislative appropriations 
for studies of the many problems relating to sub-surface waters. The tempo of 
the present development calls for an immediate study of extensive proportions 
in order that control measures may be adopted before depletion of the under- 
ground supply occurs. The writer is in accord with the conclusions that the 
‘control of undergraund water should be retained in the State. The complex 
situations existing in the various States make legislative contro! sufficiently 
‘difficult even within the State. Only in special situations where the interest 
-of more than one State is involved, should there be any attempt at regulation 
“by higher authority. 
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SIMULTANEOUS EQUATIONS IN MECHANICS 
SOLVED BY TTEKA TION 


Discussion 


By M. B. GAMET, JUN. AM. Soc. C. E. 


M. B. Gamet," Jun. Am. Soo. C. E. (by letter).““—An interesting termi- 
nology to apply to methods of solution for, and types of, equations is developed’ 
in this paper. The writer wishes to commend highly the use of the term, 
“iteration”, as a substitute for “successive approximation.” 

The writer wishes to make some very important additions to the author’s 
“Tist of References” in Appendix I of the paper. These additions” represent 
the pioneer work done in the United States with this so-called “iteration” pro- 
cedure in the solution of simultaneous equations of the type discussed by 
the author. 

It will be noted that in Appendix I the author has listed no references 
to any of the numerous American developments in this field which occurred 
prior to 1930. All the references which he cites refer to German sources prior 
to 1930, whereas the method was well developed in the United States by that. 
time. . 

Another important change in terminology is the use of the expressions, 
the “Equation of Three Angles”, the “Equation of Five Angles: No Side- 
Sway”, and the “Equation of Five Angles with Side-Sway”, as a series of 
substitutes for the term, “slope-deflection” equations. Evidently, this termi- 
nology originates with the author’s reference to the work of W. Gehler (3)? 
published in Germany in 1925. . 

There seems to be a continual need to remind recent students of the use 
of angular joint rotations as unknowns in rigid-frame problems, of the facts 


_ Nore.—The paper by W. L. Schwalbe, Esq., was published in August, 1936, Proceedings. 
Discussion on this paper has appeared in Proceedings, as follows: November, 1936, by 
Messrs. Garrett B. Drummond, and A. W. Fischer. : ; 


4 Instr. in Civ. Eng., School of Eng., Northwestern Univ., Evanston, Il. 
tia Received by the Secretary, October 30, 1936. 


= “Secondary Stresses in the Kenova Bridge”, by Allston Dana. M Am 
Engineering News, 1913; “Statically Indeterminate Stresses’, by John I, "Bara aae 
George A. Maney, Members, Am. Soc. C. E., Wiley & Sons, 1936, Fig. 142, p. 276; “Inves- 
tigation of Secondary Stresses in the Kenoya Bridge,” by John I. Parcel and George A, 
Maney, Members, Am. Soc. C. E., Studies in Engineering, No. 4, Univ. of Minnesota, 1922; 


Aud by met ie Maney, M. Am. Soe. C. E., Studies in Engineering, No. 1, Univ. of Minnesota, 
BY pil’ 7 


3 Numerals in parentheses refer to Appendix I of the paper. 
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in the history of the development of this useful method of approach, As’ éarly 
as 1880, Manderla made use of angular rotations of joints in a rigid frame 
structure to determine the secondary-stress bending moments in a bridge truss. 


Soon after this (1893) Mohr used a similar approach which was identieal with 


that which the slope-deflection method makes to the “general” problem of the 
rigid frame. Before 1915, only the isolated problem of sécondary stresses 


‘had been approached in this manner. 


In 1915, G. A. Maney, M. Am. Soe. C. E. published the first general state- 
ment of the slope-deflection method in this country”. In this treatment, not 
only are secondary stresses solved, but wind stresses and all types of frames 
with members transversely loaded as well. The idea of fixed-beam moments 
was there first developed, although at the time it was not called by that name. 
This work led immediately to the important publications originating at the 
University of Illinois. . 

In 1914, Professor Maney and W. M. Wilson, M. Am. Soe. C. E., developed, 


~ andin J une, 1915, published“ the solution of wind stresses in a twenty-story 


office building by the slope-deflection method. This solution was by the exact 
simultaneous method. In 1918, Professor Wilson and F. E. Richart; and C. 
Weiss, Members, Am. Soe. C. E., published a bulletin® giving general formulas 
for a large number of types of structures by the slope-deflection method: These 
two publications, following Professor Maney’s publication and using his 
methods, gave the “angular unknowns” approach to rigid frame and continu- 
ous beam solutions for bending moment distribution the great popularity it 
has had in the United States. 

It should be emphasized that this is a typically American development 
and that the “general” use of the method of “angle unknowns” has lagged 
considerably in Europe. (This statement excepts only the problem of secon- 
dary stresses which was mentioned by Professor Maney™.) The European 
approach to the general case of the rigid frame by the “unknown angles” 
method is outlined as follows: In May, 1914, Axel Bendixsen” published, in 
Denmark, a monograph which gives the first general statement of the slope- 
deflection relation for any type of loading. This publication appears to have 
been generally overlooked even in Europe until about 1923 when Professor A. 
Ostenfeld amplified it somewhat. In 1923, Professor Ostenfeld publishec Sd 
an amplification of Bendixsen’s work, the presentation covering all cases for 
deformations rather than stresses. con 

An unusual development has followed Professor Maney’s general statement _ 
of the use of angles as unknowns. Numerous ideas such as moment distribu- 
tion, and the balancing of angle changes, have followed in its wake and they 
have all been strictly American variations of the “slope-deflection” theme. . 


13 Studies in Engineering, No. 1, Univ. of Minnesota, 1915. a Bal ae § 

WA gs in Steel Frames of Office Buildings’, by William M. son, and 
George Pelidecy ce cinetin No. 80, Eng. Experiment Station, Univ. of Illinois, Urbana; Ul., 
1915. ; ee 

BENE f Statically Indeterminate Structures by the. Slope-Deflection Method”, 
by Wilians Me wilson, F. BE. Richart. and Camillo Weiss, Bulletin No. 2, Eng. Experiment 
Station, Univ. of Illinois, Urbana, Hl, 1918. : ‘ 

16 “Die Methode der Alpha-Gleichungen zur Berechnung von Rahmenkonstructionen”, 
von Axel Bendixsen, May, 1914. ; 

M “Dje Deformationsmethode”’, by A. Ostenfeld, Der Bauingenieur, January 31, 1 


923. 
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Although this general idea of treating angles as unknowns was first pre- 
sented in the United States by Professor Maney in 1915, it has since almost 
completely replaced the “least work” and “virtual work” approach to the 
problem. In Europe, these latter methods are still much used, in spite of their 
greater mathematically cumbersome nature. 

In the following development some of the important equations and methods 
referred to by the author may be traced. 


Ls 
= a Sevhes 


- 


- B iste 


Item (1).—In Fig. 15, 
Mas —— = Mrs) + QE Kap (Silvas — 204 — 62) eee eee eee (58) 


is the general form of the slope-deflection equation stated by Professor. 
Maney (13) in 1913 If two bending moments are equal and opposite in sign, 
as occur at each support of a continuous beam: My; + Mic = 0; and, when 
Re=-0; 


Maz ame AL Myaz) Gree 24H Kas (2 4 + 63) ey (59) 
and, 
Whig = 22 JE — 28 Kx (26, + 06) <aii0 sale pe 


Therefore, 


KO 29. BR) 0, ee 6: = £ Brug & Tray, (61) 


It will be seen that Equation (61) is identical with Equation (28) of the 
paper and is merely the slope-deflection “joint” equation for continuous beams. 
This is the equation which Gehler (3) called the “equation of three angles” in 
1925, and has led to the author’s use of this terminology. Similarly, the 
“equation of five angles” is merely a slope-deflection joint equation for 
the typical case of a rigid frame with four members framing into a rigid joint, 
instead of two, as in the preceding case of a continuous beam. 

Item (2).—When the factor, 2H, is cancelled and 6, and 6, are assumed to 


be zero temporarily, then Equation (61) becomes :64 — +Mruc + Mrup, and, 


at 2 (Kac + Kaz) 
in general, 6, = ——*“) if there are two or more members at the joint, 
A 
and & Mr.) = the algebraic sum of M,-values at Joint A whereas 3 K, = the 


numerical sum of the K-values ( = ) around Joint A. 


Dec., 1986 GAMET ON SOLUTION OF SIMULTANEOUS EQUATIONS BY ITERATION 1607 


= Mri) t 


B 


Similarly, 6; = If these expressions for 6, and 6, are substi- 


tuted in Equation (61): 


VS Se oe era ek (Aveo) reer: (62) 


2 Mr a) 


A 


is the “distribution” factor and 5 (322) is the “carry-over” factor. By 
2 B 
this variant of the slope-deflection method, the “iteration” method is applied 


through this “carry-over” factor until error is negligible. 

Conclusion.—It is important to remember in connection with the entire 
general plan of solution by means of “angle unknowns”, that the M,-value, 
or the “fixed-beam” moment is the essential starting point, and that until the 
slope-deflection method was evolved in 1918, no one had previously used this 
approach. In connection with the problem of secondary stress, this conception 
was not involved. ; 

Why do all equations of the type discussed by the author invariably con- 
verge when the so-called “iteration” process or “converging approximations” 
is used? The answer is found to be a purely physical reason which will only 
be confounded by any mathematical approach. If Equation (59) is examined 
it reveals that the angle change, 64, at the joint in question, has twice as much 
influence on the final moment, M4;, as the angle change, 0s, at the far end 
from the joint in question. Furthermore, the last term of Equation (62), or 
the “carry-over” factor, reveals the same thing. When an error at any joint 
adjacent to the one for which the angle or moment is desired is always at 
least twice the error caused at the joint in question, rapid convergence by 
halving of the error at each iteration is assured. 

The simple physical facts make convergence, or solution of equations 
by iteration, possible. If the quantitative importance of angle changes at 
each end of a member were nearly the same in affecting the moments at both 
ends, then “successive convergence” or “iteration” would have no place as a 
method of solution for moments in continuous-beam and rigid-frame members. 


Equation (62) is simply the “moment distribution” equation in which: 
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ANALYSIS OF CONTINUOUS FRAMES BY 
BALANCING ANGLE CHANGES 


Discussion 


By Messrs. JOHN E. GOLDBERG, G. A. MANEY, PAUL ANDERSEN, 
AND WILLIAM FP. LUCE 


Joun E. Goupsere,* Jun. Am. Soc. C. E. (by letter).“"—-The method of 
analyzing continuous frames by balancing end rotations presented by Professor 
Grinter is similar in many respects to the simple slope-deflection method 
largely developed by G. A. Maney, M. Am. Soe. C. E., from his basic slope- 
deflection equations and presented’ by the writer in 1931. Both methods con- 
sist, essentially, of determining the angular positions at which the various 
joints of the continuous structure are in equilibrium, or balanced, and then 
substituting these values of the angular rotations in the basic slope-deflection 
equation to obtain the final or actual moments at the ends of the various 
members. Both methods may be extended, by the application of well-known 
and well-understood principles, to the solution of a wide variety of rigid- 
frame problems. The advantages which Professor Grinter cites for his method 
are at least as applicable to the earlier slope-deflection method. t 

The slope-deflection method seems, to the writer, to have certain additional 
inherent advantages; for example;; the starting point of the slope-deflection 
method is the fixed-beam moments which are again used to obtain the final 
or actual moments after the various rotations have been determined. This 
itself may be construed as a twofold advantage: First, a complete series of 
calculations (the simple beam end-angles) is avoided; and, second, the fixed- 
beam moments are themselves better known and more easily remembered for 
the various standard loadings than the simple beam end-angles. Another 
advantage lies in the fact that, throughout the entire slope-deflection analy- 


Nory.—The paper by L. BE. Grinter, Assoc. M. Am. Soc. C. E., was published in 
September, 1936, Proceedings. 'This discussion is printed in Proceedings in order that 
the views expressed may be brought before all members for further discussion of the paper, 

8 Chicago, Ill. 

8a Received by the Secretary October 19, 1936. 

® “Vertical Load Analysis of Rigid Building Frames”, by John RB. Goldberg, Engineerin 
News-Record, November, 12, 1931; see, also, “Simplified Methods for the ‘Analgaia of 


Multiple Joint Rigid Frames’, by George A. Maney and John RB. db im 
Univ. Bulletin, Vol. XXXIII, No. 7, Oriober 17, 1932. ae a wit ieses! A 
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| sis, the concept of continuity is firmly maintained, a fact that adds greatly to 
_ the clarity and physical significance of the method, besides being inherently 

more direct. In Professor Grinter’s analysis, on the other hand, this continu- 
, ity is first completely destroyed and then successive parts of it are re-estab- 
| lished. Another. inherent advantage of slope-deflection methods lies in the 
fact that there are frames the analysis of which by methods based upon suc- 
g cessive approximations, corrections, or balancing, may be inadvisable, imprac- 
} tical, or even impossible. 

Various types of simple frames, for example, may be analyzed by slope 
deflection by the solution of a limited number of equations, in many cases 
| by only one equation. Simple bridges, culverts, and many other similar 
frames fall into this category of frames which may be analyzed with actually 
| less effort and greater reliability by direct methods. The frame shown in 
_ Fig. 2, although chosen by the author for its classical values, is nevertheless 
} an illustration of a structure that could be solved very neatly by these direct 
/ slope-deflection methods. One who is adept and familiar with the slope-deflec- 
| tion theory could very easily set up the two equations which would solve the 
} frame. Solution of these equations would give, with absolute certainty, 
the joint rotations from which the final or actual moments may be calculated. 
} There are also frames which, by their very proportions, can not be solved 
_ successfully by methods based upon successive approximations or corrections. 
| For the analysis of these frames there always remains the alternative method 
_ of solving the slope-deflection equations by algebra. 

! Professor Grinter, it seems, has touched upon the matter of bent analysis 
- too lightly. He implies that if the shear for any, assumed side-sway at a 
~ particular story is known, the actual shear in the various members may be 
~ calculated by a single, simple, proportionate adjustment. Unfortunately, 
the analysis is not so simple, except in a very few mathematically perfect 
~ cases, chief among which is the single-story bent, itself not a very complex 
BZ problem. Equations (4) and (5), the slope-deflection equations, show that 
zy the shear in a member is as much a function of the joint rotations at the 
| ends of the member as of the relative joint translation. These rotations, in 
& turn, are affected just as much by the shears above and below the story under 
consideration as they are by the shears in that particular story, ete. Conse- 
Bs: quently, except in these few perfect cases, this simple adjustment is itself only 
ee an approximation. 

: Professor Grinter has referred to the method of analyzing wind stresses 
: by slope-deflection and converging approximations, which the writer developed 
~ from basic slope-deflection theory and presented” in 1933, as being based upon 
"series convergence. Actually, the method consists simply of obtaining, suc- 
~ cessively, closer or more nearly correct values of the various rotations in 
~ accordance with simple and easily understood principles, and thus to label 
the method with an abstract mathematical term is confusing to the student 
and to the reader. Furthermore, he has referred to the method as being 
' “relatively tedious” without, however, stating to what it ig relative. Never- 


F i i ‘gi i ns” John BE. 
“ 10 ‘Wind Stresses by Slope-Deflection and Converging Approximations”, by 
| Goldberg, Transactions, ‘Am, Soc. C. B., Vol. 99 (1934), pp. 962-975. 
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theless, after an exhaustive survey of methods of wind stress analysis, the 
results of which are contained in its latest report”, Sub-Committee No. 31, 
Committee on Steel of the Structural Division of the Society, on Wind-Brac- 
ing in Steel Buildings points out that among the desirable characteristics of 
the writer’s method are speed; accuracy, simplicity, and the clarity of the 
physical concept maintained throughout the analysis. Professor Grinter’s 
present appreciation of the slope-deflection equation and of the importance and 
significance of the physical concept of joint rotations is definitely compli- 
mentary to the slope-deflection method and to those who have consistently 
sponsored and developed its use. 

The frame of Fig. 2 is analyzed herein by slope deflection to illustrate the 
general methods of attack. One familiar with the slope-deflection theory can 
set up, practically by inspection, the joint equations which express the simple 
physical fact that $M (in terms of fixed-beam moments and joint rotations) 
equals zero. For the frame of Fig 2: 


Joint B: 11.0 6; + 4.0 0, = 8.333 
and, 
Joint D: 4.0 6, + 21.5 6, = — 12.0833 


From which, by simple algebra: 


__ 11.0 (— 12.0838) — 4.0 (8.333) _ 
11.0 (21.5) — 4.0 (4.0) 


Op ial 0.754 


and, 
6, = 0.758 + 0.274 = 1.032 


Substitution of these values in the basic slope-deflection equation, 
Maz = My-as — K (26, + 03) ee el ee ee a (8) 


gives the final end moments; that is, Mpz = — 8.333 — 4.0 (— 1.508 + 1.032). 
= 6.429; and, similarly, for the other end moments. The moments are in 
kip-feet; and, K-values are used in only a relative sense. As a result of these 
facts, the joint rotations in the foregoing analysis are approximately one- 
fiftieth of the rotations indicated by Professor Grinter. : 

When direct analysis of a frame is so simple, there is scant justification 
for the use of methods based on successive balancings or corrections, or 
even for the use of methods based on semi-empirical formulas. However, 
as an illustration of an alternative slope-deflection method, particularly appli- 
cable to frames in which the number of joints precludes the use of algebraic 
methods, the analysis of the frame of Fig. 2 by converging approximations is 
also given: The respective joint equations are, for simplicity, reduced and | 
solved for the respective values of 6: 


Joint D: 6p = — 0.562 — 0.186 0, 
and, 
¢ Joint B: 6; = 0.758 — 0,364.0, 


% Proceedings, Am. Soc. C. E., March, 1936, p. 397. 
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For the purpose of obtaining a first approximation, 6, is taken to be equal to 


the constant term in its own equation; that is, 0.758. Then, 6, = — 0.562 
— 0.186 (0.758) = — 0.703. From which, 0, = 0.758 — 0.364 (— 0.703) = 1.014. 
For a second approximation: 6, = — 0.562 — 0.186 (1.104) = —0.751; 


and, 6; = 0.758 — 0.364 (—0.751) = 1.031. For all practical purposes, this 
second approximation is sufficiently accurate. However, a third approximation 
gives: 6) = — 0.562 — 0.186 ((1.081) = — 0.754; and, 0; = 0.758 
— 0.3864 (— 0.754) = 1.032. 

By comparison of these results it is clear that convergence is now com- 
plete. Substitution of these final 6-values in the respective basic slope-deflec- 
tion equations gives the final end moments for the various members. It is 


‘elear that no appreciable inaccuracy would have resulted if the 6-values 


obtained as a second approximation were used to calculate the final end 
moments. 


G. A. Maney,” M. Am. Soc. OC. E. (by letter).”*"—In comparing the method 
used in his paper with the moment distribution method, the author comes 
to two conclusions as follows: (1) It is essentially self-checking; and (2) it 


TABLE 1.—Comptets Sonution or Propiems in Fic. 2 anp Fic. 9 


(b) Exp Moments rn Fic. 9, Inchupine Errect or 


(a) Exp Mowanrs in Fia. 2 AnGuLAR DiIscontTINUITIES 


i fici f: Value Coefficients of: ; : 
Nae ao Fixed- | of final Lee ere 2 3} Tiked a ceeerer 


beam moment, || Symbol beam due to the 
eae Op OD moments, | jn foot- 03 8¢  |moments| angles, ¢ 
PF kips F 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
CompLeTs Cueck Computations ror Finan Enp Moments Moment Equations 
1 Ma, ah” Ah as eee Ral ae eae —3.09 Mpa, ==4:98) ls. sgiawes —60.0 |—0.996 Mp, 
2 Mzgp —8 —4 +8 .33 +3 .09 Mpc —3.60 —1,80 | -+i0.0 |—0.448 Mz, 
oo ee —s | —833 | —6.36 | Mc, | —1.80 | —3.60 | —10.0 |-0.249 My, 
Teer |".-... a ie Restore linareu eee. [bes8370 SIPs ot eee 
4 VP tes ila ag re ak Rte Fina Momunr Equations 
DG | crreeeee aS Lith: cetale. «0:08.60 : 
MM mea meas |. as, |, ae tute oe FAG Ne secant one —30.0 —17.1t 
7 | M Sleben ge Sat | eoetaece +225 BEM Gee ane, 21890, 6.7 171 
Men Pee earl teraction | tora a hele +20.00 Mac : : pat ‘ Ba t 
M apa desea ae —3.30 | —11.7 —10.7t 
ConverGING SoLuTion ror VaLuns or 2 HA Mop SS) —2.70 | +15.0 +10.7t 
8 E por 411 eri +48.33+ ConverGine SOLUTION FOR VALUES OF 2 E @ 
B BOD Mee eee 
9 Jp +4 +21.5 —12.08f | ........ EQ for: 
yt a | a nae al ee || +4 .89 120. [28.3 I stsyceretetee 
10* +1.0000 0.364 Ta +1.20 | 46.00 | 43.3] .......... 
ib A ae Ties on ' 
120 | ----+-+ | 0.758 | —0. * 1.00" | 07086 | See ae 
1 hel baa . | +0.205 —0.141 * To:30 +1.00 
ee * 
Z j 
* 
* 


* Balancing angle changes. t= My. t Values of final moment, in inch-kips. 


2 prof, of Structural Eng., School of Eng., Northwestern Univ., Hvanston, Ill. 
2a Received by the Secretary October 25, 1936, 
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offers the clearest possible picture of the physical action of the structure. The 
writer agrees heartily with these conclusions and submits four short solutions 
in tabular form, which are made by using the slope-deflection method first 
proposed by him in the United States in 1915. These solutions (which 
explain themselves because of the tabular forms used), together with the past 
history of slope-deflection and of converging approximate solutions, lead to 
the following comments: 


(1) “Balancing angles changes” is merely a new group of words to 
describe what has been done for years in the solution of slope-deflection equa- 
tions by converging approximations of the 6-values.” 


TABLE 2.—Sonution or ProsieM in Fic. 10 


(a) Assumine Rie Jormts (b) Assumine Finan ANGum Surps In THE Jorints AND DrTErR- 
MINING THE REDUCTION IN Moments THus CavsED 
Coefficients of: Fixed- Coefficients of: Fixed- Correction ; Percen- 
1 oy espa ca (ES a — es) to er tage reduc- © 
(7) 6 moments, 6 6 moments, yielding tion in 
A ; F : F angles moment | oment 
' (1) (2) (3) (4) (5) (6) (7) (8) (9) 
CompLeTs Cueck Computations ror MomENTS 
M pa OAc. Thee hs. —450 Bw ie ee cte —450 +147 —164t 41 
Mac —7.2 —3.6 +300 —7.2 —3.6 +300 —127 +1647 41 
Mcp —3.6 —7.2 —300 —3.6 —7.2 —300 +40 —556t 19 
ML al vaste corde ee = roe. eee | See Sob k YW wos oc ae), ee eetee —292t 23 
7 bef al pee eae eR —7.2 +1950 || ....... —7.2 +1 950 —421 +1 140+ 21 
Ape CHS eRe et ee eee ea | oa Wen Pret ries 28 IG eer —292t 23 
Mil se ae casts 3.6 SL. 9500 Sil. faces —3.6 —1 950 —210 —2 355t —7 


EQfor ; 
Jz +12.6 +3 .6 —150* +12.6 +3 .6 BO rte ok wl) ceca oe ee 
Jo +3.6 +25 .2 +1 650* +3.6 +25.2 =] 269% | oe nose das.c he al eee 
a bhiathies —3.6 —1.04 +43 —3.6 —1.04 +37 Saw) dilevws aha, Set asa lho tae ene ea 
Me tors ag ties +24.16 +1 693 || ....... 24.16 se 2 806"6 if Tae. . oo.) [Mid eee epee samen 
Best sas a | Gtk ant $90 Alek eG tents Pes a eens eee 
Ce! RSENS irc ode) ecens penis aay el Peace al coe 2B 7 sitdaccleten Wiener heel eee 
*> My. t Inch-kips. 


(2) In the problems of Tables 1 and 2 values of 2 F 6 were determined by 
the usual method of “balancing angles” or “converging slope values”, instead 
of the @-values themselves. This has always been done merely as a conveni- 
ence in calculation, since the quantities resulting are easier to handle. In all 
slope-deflection solutions made in recent years in which the number of 
unknowns is large, this method of “balancing angles” or “converging end 
slope values” has been used, but the convergence or balancing has started from 
the zero end angle case in which M, is the fixed-end bending moment. 

(3) In Table 1(b) a solution is given for the case of elastic angle slip 
at the joints, which has the advantage of making a trial solution unnecessary. 


For an example, see “Statically Indeterminate Stresses”, by John I. Parcel and 


Pata Maney, Members, Am. Soc, C, E., Fig. 142, opposite p. 276, John Wiley and Sons, 


Se ee Bement 
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Note the close check on values of final moments. In another problem checked 
by the writer (see Table 2), the case of both elastic and plastic joints is 
treated. The “corrections due to yielding angle” (see Table 2(b) where this 
correction is — 127) herein used can only be, 


A Mac = — 2 E Kzc [2 bp + cn] sive pile fe) Reel ey aheMat eee e ie (9) 
using the slope-deflection formula in which o-values are angular discontinui- 


ties. When they are elastic, dac becomes _12¢ Anal Ghy == Mcp Gin which, the 
‘BO CB 

f-values are the moduli of rotation) which are ratios of bending moment to 

corresponding angular rotation of the end of the member, in radians. In 


Table 2(b), this correction becomes — 2 EK (?e BC 


) for Myc, or — 0.498 Mag. 
Rac 

(4) Particular attention is called to the case of “plastic” discontinuity 
of end angles as included in the author’s problem in Fig. 10 and in the 
writer’s corresponding solution in Table 2(b). The percentage change in end 
moments due to lack of joint rigidity is listed in Column (9), Table 2(b). 
This percentage varies from a decrease of 41% to an increase of 7%, and 
emphasizes the need for a solution as given in Table 1(b) which eliminates 
guesswork regarding the final moment values. 

(5) If there is a “plastic” feature of the angular discontinuity, why should 
not all end moments closely approach zero finally? <A plastic condition per se 
means “give” under continued load with a corresponding steady increase of 
o-values with time. If this simple beam condition is approached, why indulge 
in rigid-frame analysis for frames with “flowing” or “plastic” joints? 


Tables 1 and 2 may be clarified by examining Table 1(a), as follows: 


(a) Line 2 indicates that — 86, — 460y + 8.83 = Mzypy, which is a specific 
statement of the general equation applicable to this case. The general form 
would be stated: 


Map = + M Fap — Kgp (2 On +'6))" Pie moro ages et (10) 


in which, +MFsp = + 8.33 ft-kips; 2 Kap = 8; Kao = 4; and 6, and 6, 
are multiples of the angular rotation of Joints B and D when equilibrium 
is reached. 

(b) Line 8 shows that S M, = 0; or that the net rotational tendency of all 
moments acting on Joint B is zero when equilibrium is reached. The expres- 
sions for M,, in Line 1 and for M,p in Line 2 are added to obtain the joint 
equation of Line 8, which is: 11 6; + 4 0) = + 8.33. Likewise, equations of 
Lines 3, 4, 5, and 6, are added to obtain the equation (Line 9) for Joint D. 

(c) Lines 10, 11, and 12, indicate that 1.000 0, + 0.364 6, = 0.758 and 
that 0.186 6, + 1.000 0, = — 0.566. Lines 13, 14, 15, and 16 are the balanc- 
ing steps for the angle values (0.364 6, for 6;, and 0.186 6, for 6,) at the far 
end, converging until the corrections approach zero, 
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(d) Line 17 represents final values of 2 £ 6, or additions of five preceding 
quantities, which are substituted in the original moment expressions (Lines 
1 to 7, inclusive) and values such as — 3.00 ft-kips are obtained for all mem- 
ber ends, such as End B of Member BA (Mou). It will be noted that the sum 
of all moments around a joint must be equal to zero, a desirable check on the 
numerical accuracy of the work. * 


Paut Anpersen,“ Assoc. M. Am. Soc. OC. E. (by letter).“*—In many 
respects- Professor Grinter’s method will prove a more flexible tool to the 
designing engineer than the Cross method. It is true that the latter has 
the advantage over the former in that it makes use of moments throughout 
its procedure and leads directly to the actual bending moments; but this 
disadvantage of the Grinter method is more than compensated for by the 
facts that it is self-checking and that the actual work involved in establish- 
ing continuity has been reduced materially. Thus, in using the Cross 
method, it is necessary to balance the moments at each end of a member, 
whereas by balancing angle changes, only one set of values is needed at 
each joint. 

The procedure used in solving the example in Fig. 2 seems incorrect; 
Joint B is balanced and the carry-over angle from B is added to the angle 
changes of Joint D and included in the first process of balancing Joint D. 
The proper procedure is to balance all joints first and then to carry over the, 
angle changes, and repeat. 

Side-Sway.—Instead of obtaining the corrections for side-sway by impos- 
ing equal angle changes at the top and bottom of each column, the writer 
suggests applying, at the column tops, any set of angle changes inversely 
proportional to the column heights, and distributing these changes through- 
out the structure. It is readily: seen that, by equating horizontal deflections 
before and after balancing the angle changes, the moment at the top of a 
column is: 


Vh eden, (11) 
2 3 9 
sear 

in which ¢ = an arbitrary 
angle change of the top of 
the column; 6 = the re- 
sulting joint rotation; 
V = column shear, propor- 


M= 


30 Ft 


tional to ss and h == «ole 


umn height. 
This procedure is ap- 
Fic. 14. plied to the two-legged bent 


14 Balboa Heights, Canal Zone. 
4a Received by the Secretary, October 26, 1936, 


sy 
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shown in Fig. 14 in which angle changes of 300 and 200 are applied to the 
column tops, resulting in joint rotations of 30.5 and 46.7, respectively, after 
continuity has been established. The final moments (see Fig. 14) are, 


300 — 30.5 


ie > x 5.29 x 20 x : Er Artelpe 
300 — — 
0 n 30.5 
and, 
Wig = . Se cake. Bil Se _200 — 46.7_ = 65.6 ft-kips 
200 — ca) 46.7 


Wituiam F. Luce,” Jun. Am. Soc. OC. E. (by letter).“*—A valuable tool for 
the analysis of continuous frames is contained in this paper. Computations 
by the method introduced involve only simple arithmetic with no simultaneous 
equations, and can be made, in many cases, in a fraction of the time required 
by the so-called “exact” methods, such as the slope-deflection method, the 
method of least work, etc. Furthermore, both the development and the appli- 
eation of the method involve concepts familiar to the structural engineer. 

The presentation by Professor Grinter has been so complete that further 
explanation is scarcely necessary. The following development, however, may’ 
help some readers to visualize the balancing process and the determination 
of the joint rotation factor. In Fig. 15(a), the members, A, B, C, and D, have 


stiffness ratios (Z = x) of K,, Kz, Ko, and Kp, respectively. 


B Bl [B" 


Wig, 15.—BALANCING A JOINT. 


Tf Member A is rotated clockwise about Point j through an angle, ¢,, to the 
position, A’, the joint is discontinuous. In restoring continuity, by moments 
applied to the members, at Point J, Members B, C, and D will be rotated clock- 
wise through an angle, 6, to the new positions, B”, OC”, and D”, whereas 


16 Univ. Fellow in Structural Eng., Univ. of Michigan, Ann Arbor, Mich. 
15a Received by the Secretary November 6, 1936. 
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Member A will be twisted counter-clockwise through an angle (¢:— 61) to 
the position, A”. The internal moments balance at Joint j: 


M,=Mz+ Mc+ Mp a) eyes visio: os etal te a] eleker a. mite eee (12) 


and, since the moment in a member depends upon the product of its stiff- 
ness and the angle through which it rotates: 


(d, —\0;). Kg = 0 Ke + 8, Ko + 0) Bpren. teenie ete (13) 
or, ° 
K 
1= oi Ba = iy, pace eee te es 4 (14) 
Ka + Kg + Ke + Kp =K 
Factor Ka is termed the joint rotation factor for Member A at Joint j. 


The development is equally simple if two or more members are given an 
original angular discontinuity. 

It is noted from the paper that members having their ends free to rotate 
are the norm in this method, and that the stiffness values for fixed-end mem- 
bes are corrected by the factor, 4. This is the reverse of the procedure used 
in the method of balancing moments. 

The writer has solved problems on secondary stresses in trusses, wind- 
stress analysis of building frames, and joint slip, by the method of balancing 
angle changes. The structure investigated for secondary stresses was a sym- 
metrical Pratt truss of eight panels. Angle changes were computed by Dean 
Ketchum’s formulas as suggested by the author. The balancing required four 
to five cycles per joint. The end moments found in this manner balanced 
within 1% at every joint, providing a check on the work. As a final check, 
the secondary stresses were calculated by the method of balancing moments, 
using deflections taken from a Williot-Mohr diagram. The variation of 
stress values as obtained by the two methods was small in most members, 
and the maximum difference was 400 lb per sq in. It was observed, however, 
that the balancing process in either case should be started with comparatively 
large numbers if the final results are to be accurate. 

The first wind-stress problem investigated was that of a 6-story build- 
ing”, the analysis being made by estimating the shape of the deflected struc- 
ture as outlined by the author elsewhere’. The final moments obtained, 
requiring only one balancing process, checked those calculated by balancing 
moments within 1% to 2 per cent. The latter method, however, seems to be 
definitely better suited to the solution of wind-stress problems: Only four 
cycles of balancing moments were required to give the same accuracy as six or 
seven cycles of balancing angle changes, and, of course, did not require the 
use of the slope-deflection equations at, the end of the process. The analysis 


16 Structural Engineer’s Handbook, by Mil _K 
dition aoe. y Milo 8S. Ketchum, Hon. M. Am. Soc.C. E., 1924 


4“Wind Stress Analysis Simplified’, by L. E. Grint T i 
SSE sen J inter, Transactions, Am. Soc. C. E., 
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of the lower stories of another building frame”, also indicated that the 
value of the check embodied in the method of balancing angle changes is 
decreased because of the introduction of different criterion ratios in adjacent 
stories. The method of balancing moments has the further advantage in the 
analysis of frames in which joint translations occur, such as wind-stressed 
buildings, that fixed-end moments may be added during the balancing process 
to offset joint restraints. A similar procedure for the method of balancing 
angle changes is not apparent. 

The solution of joint slip problems and the plotting of influence lines for 


continuous beams can be performed very successfully by balancing angle 
changes. 


% Transactions, Am. Soc. C. H., Vol. 99 (1984), p. 664. 
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SELECTION OF MATERIALS FOR ROLLED-FILL 
| EARTH DAMS 


Discussion 
By MEssrs. T. T. KNAPPEN, AND PAUL BAUMANN 


T. T. Kwappen,” M. Am. Soc. C. E. (by letter).“°"—There are certain 
fundamental conceptions essential to the design of a dam. At a particular 
site an engineer may consider some form of concrete structure or a structure © 
built of earthen materials, which may include rock. In considering an earth 
dam, the engineer has a choice between dry and hydraulic methods of con- 
struction. For the dry method practice has standardized on the placement of 
material in thin layers, with suitable compaction by rollers of various types, 
or by power-tamping or vibrating equipment. For the economical design of an 
earth dam, it is essential, first, to utilize all materials from required excava- 
tions; and, second, to construct the remainder of the dam from the materials 
available in the vicinity. The greatest economy generally results from the use 
of materials closest to the site. 

In this paper, the author has based his selection to a large extent on grain- 
size distribution. This is a logical method in the preliminary stages. In 
Figs. 6 and 7, he has given the proposed limits for materials suitable for 
impervious sections of rolled-fill earth dams. The writer agrees that, in gen- 
eral, material falling within these limits will be satisfactory. However, it is 
entirely possible to use materials that do not come within these limits. 
First, considering materials that are finer than the upper curves on these 
two diagrams, although such materials may be somewhat difficult to handle 
and may be structurally somewhat unstable, they may furnish, nevertheless, an 
excellent impervious core for a dam embankment. In the computation for 
such cases the outer shell must be depended upon for structural strength. The 
dam may be analyzed by a method recently outlined by the writer. 

Considering the two lower curves which represent the limit of permea- 
bility, it is perfectly possible to use materials of greater permeability than 
those indicated. It may be conceded that an earth dam can be safely designed 
PTR Nama Who nanke ho Finn on, nn ne eee 
1026, Proceedings, Thin discuerieg Jo pistes Th roentgen ee 


expressed may be brought before all members for further discussion of the paper. 


Prin. Hngr., Chf., Flood Control Section, N lantic Div. 
New York, N. ¥. ection orth Atlantic Div., U. S. War Dept., 


6a Received by the Secretary September 25, 1936. 


16 “Calculation of the Stability of Earth Dams’’, present 
Conference, Washington, D. C., September, 1936. abide ta tiemneh ee its ON I 
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and built, provided it is properly designed, with the expectation of a large 
leakage. The approximate upper limit, indicated by the author, of 1 gal per 
sq ft per day, with an hydraulic gradient of 1 is extremely conservative. This 
is equivalent to a value of & in Darcy’s formula, 


Ce MIAO AT Gee. slate x age, therh aie eee a) 


of 0.4 X 10“ cm per sec. In the case illustrated, the author deduced that the 
leakage would be 0.004 cu ft per sec with a coefficient of 0.1 gal per sq ft per 
day. From a structural standpoint, a leakage of a thousand times this amount 
is not necessarily excessive with proper design. In other words, a permeability 
coefficient of 100 gal per sq ft per day might be satisfactory in centimeter- 
gram-second units (40 x 10*cmpersec.) It would seem to the writer that the 
upper limit of permissible seepage is largely a matter of economics. The cost of 
reducing the leakage should be balanced against the value of the water saved. 
In the case of flood-control dams, or dams at which constant releases are 
required, it may be of no economic consideration whatever. In such cases, 
it becomes merely a structural problem of designing the embankment to pass 
the leakage safely. Recently, the writer had occasion to design a dam for 
which the estimated leakage through the foundations, with water at spillway 
level, amounted to 50 cu ft per sec. In such a case, it would be unwarranted 
to go to great expense to obtain an impermeable embankment. 

The writer cannot agree with the author in eliminating the siltstone 
(Sample Z15-CG, Table 2) for use in the Coyote Dam on the basis of the 
information set forth in the paper. It would appear that this material could 
have been used advantageously at least in the center one-fourth of the embank- 
ment, with resulting economy. Certainly, more exhaustive tests to determine 
its structural nature in terms of cohesion and angle of internal friction under 
saturated conditions in the embankment should have been made before dis- 
carding its use in the center section of the dam, and there is a possibility 
that it might have been used safely for a large percentage of the embankment. 

In the paragraph following Fig. 4 the author makes the statement that 
“the data in Figs. 3 and 4 indicate that for permanent stability of compacted 
earth material the clay fraction should not exceed 30 to 35%; nor should it 
be less than 3 to 15%, the latter limits depending on the degree to which the 
material is graded.” Based on this statement, the engineer having such 
a material as Sample L15-CG would be precluded from constructing a dam, 
whereas it can be used with proper design. A combination of Sample L15-CG, 
or even Sample L8—A for a core and Sample Z15—S10 (or, preferably, a coarser 
material) for the shells will result in an excellent and economical dam, possibly 
a better one than that built uniformly with Sample 215-C9. 

There are few materials that cannot be used successfully, to some extent, 
in the construction of earth dams. The materials approved by the author may 
be used with little additional investigation, but for true economy in difficult 
designs every analytical resource of the science of soil mechanics should be 
called upon to produce a design utilizing the closest available materials to 
produce a safe and enduring structure. The writer knows of more than one 
dam that could never have been built had the author’s limitations been applied. 
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Paut Baumann,” M. Am. Soo. C. E. (by letter).““—Due to the rapid 
exhaustion of suitable dam sites it is believed that, in the future, rolled-fill 
dams will gradually exceed masonry dams in number. Hence, this paper is. 
particularly timely and valuable. 

The author points out five principal requirements for suitability of material 
for the impervious part of a rolled-fill earth dam. He further stresses the 
importance of grading the material to satisfy these requirements. ‘This tends 


to imply that unless material which conforms to the specifications of grada- 
Maximum High Water for 
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Removed 
Fic. 8.—CoMPoOSITE MAXIMUM SECTION, SAN GABRIEL DAM NO, 1. 

tion is available in the vicinity of a site chosen for a rolled-fill dam, such a 
dam cannot be built. The writer’s experience, acquired during the construc- 
tion of San Gabriel Dam No. 1, does not substantiate this contention. 
Material that is not initially suitable for rolled-fills, because of gradation 
defects, can be made suitable by proper compaction. 

Two widely different types of materials have been placed and compacted in 
San Gabriel Dam No. 1: A clayey sand or loam in Zone 2; and quarry-run 
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material which has passed through a 6 by 9-in. grill in Zone 3. The location 
of these zones is shown in Fig. 8 which is composite cross-section of the dam. 


Asst. Chf. Engr., Los Angeles County Flood Control Dist., Los A 
17a Received by the Secretary November 10, 1936. femineen 
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d In order to illustrate the comparative initial and final gradation, a typical 
Sereen analysis is shown for each of the two materials in Figs. 9 and 10 

- Whereas, the fineness modulus of the wet clayey sand is 1.17 for the avariee 

. : sample before compaction and is not changed materially through eemipactont 
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Pie. 10.—Errnecr or Rotting (Ten TRIPS witH A 12.1-Ton Ro“Lupr) ON GRADATION OF 
MATERIAL PASSING A 6 BY 9-FooT GRILL. 


the average fineness modulus of the quarry-run material is 5.72 before com- 
paction and 5.06 after compaction; and, although the material in Zone 2 
conforms approximately to what might be called standard specifications for 
impervious material for a rolled-fill dam, the material used in Zone 3, (includ- 
ing rock as large as 9 in.) would certainly not appear to satisfy all five 
requirements, at least on a first examination. 

As a matter of fact, with the rolling equipment used at San Gabriel Dam 
_ No. 1, which was specially designed for the job, material in Zone 3 requires 
less effort for compaction than material in Zone 2; that is, whereas twelve 
trips are required to produce the specified compaction in Zone 3, between 
sixteen and twenty trips are required to produce such compaction in Zone 2. 
_ The specifications for Zone 3 provide that the dry density of the fines (that 
is, particles 0.25 in., or smaller) must be compacted so as to have a dry density 
- of not less than 120 lb per cu ft., whereas the specifications for Zone 2 pro- 
_ yide a compaction which shall produce a dry density of the composite material 
_ of not less than 115 lb per cu ft. 

The reason for eliminating all particles greater than 0.25 in. from con- 
sideration with Zone 3 material is that the fines filling the voids between the 
coarse material, or rock, actually govern the physical behavior of the com- 
posite compacted material. The division between coarse and fine of the 0.25-in. 
size was adopted from standard practice pertaining to concrete aggregates, 
and has been found through experimentation to be justified. 
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Although the shearing strength of the saturated material in Zone 2 is less 
than that of the saturated fines in the material of Zone 3, the relative permea- 
bility is reversed; that is, material in Zone 2 is less permeable than the fines 
in the material in Zone 3 at the specified densities. The average percolation 
rate under a gradient of 1 and approximately 60° F for material in Zone 2 
at the specified density is 0.5 ft per yr, whereas for the fines in the material 
of Zone 3 under the specified density, it averages 1.5 ft per yr. 

The stability under saturation of any fill material is governed primarily by 
its dry density. In other words, the internal friction or shearing strength which 
governs the stability of the material depends on the dry density. Shearing 
tests on saturated fines of the material in Zone 3 have shown shearing 
strengths varying from 22 lb per sq in. for a vertical load of 25 lb per sq in., 
to a shearing strength of 525 Ib per sq in. for a vertical load of 1200 
Ib per sq in. Due to this governing factor (that is, the dry density of the 
material), it is quite obvious that the conditions for stability of a hydraulic- 


fill dam under saturation and the conditions for stability of a rolled-fill dam 


under saturation are necessarily at variance. With the hydraulic-fill process 
it is not possible to create an initial dry density of the material in excess 


of a relatively low limit, whereas with the rolled-fill, or mechanically com-— 


pacted-fill process, the attainable dry density is approaching that of the solid 
material. The composite fill in Zone 3, for example, in place, has an average 
weight of 150 Ib per cu ft., which indicates that it is approaching the physical 
state of an artificial stone. The specific gravity of the material used in 
Zone 3 averages 2.78, which means a solid weight of 173.5 lb per cu ft. The 
average dry weight of the composite material in place was found to be 148 lb 
which would mean that the porosity of the composite fill in Zone 3 is 
approximately 17.5 per cent. Typical results of density tests are shown 
in Table 6. 


TABLE 6.—Som Cwaracteristics SUPPORTING THE CURVES IN Fig. 12 


Fimip ConpiTIons CoMPACTION DATA 
Sample Wet 
jase weight, in | Dry weight, Percentage Per- Number of Percentage 
Pond place, in in pounds | of moisture | centage trips by a Specific passing a 
one pounds per} per cubic in fines of rock 12.1-ton gravity No. 200 
cubic foot foot roller sieve 
(1) (2) (3) (4) (5) (6) (7) (8) 
Siciepewen ales 151.5 128.7* 9.6 42.4 12 2.78 25.4 
Tie ee eee 133.9 118.2t 13.3 3.2 20 2.79 36.3 
Seajwowasx“=aRvTueq‘ewqyooewe*‘eoeS=O oo es=~=~o=a=aoowowona@@»®»S$S$S=S=$~$S$q$~q~S~S~$~~~~~~ oo eo 
* Fines. + Composite. 


The reason for the small porosity and, consequently, the small permea- 
bility of material in Zone 3, is the breakdown that occurs during the rolling 


of the material as is evident from Fig. 10. The effect of compaction relative — 


to breakdown for variable moisture is further illustrated in Fig. 11. Fig. 11(a) 
shows the increase in breakdown due to twenty-five hard tamps with a 5.5-lb 
tamper over the breakdown due to five 4-in. drops. The maximum, additional 
breakdown coincides with the peak of compaction. 


~-. 
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Furthermore, the initial compaction of granular material and the breaking 
strength of the particles are governing factors in regard to its stability under 
saturation, because the water which, in a saturated condition, completely fills 
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the voids, cannot escape in case of sudden compression of the material, but 
will, itself, be put under stress. Hence, if the compression is of sufficient 
magnitude to crush the parts in contact between particles, the shearing 
strength may readily drop to a critical value due to load being transmitted 
through water on the one hand and to the production of very fine particles 
or flour caused by the crushing on the other. These fine particles, after crush- 
- ing, will naturally mix with the water and will form slime which tends to 
_ lubricate the contact surfaces and minimize internal friction. 

In regard to cohesion due to the surface tension of water which is always 
present in relatively fine material with one or more free surfaces exposed to 
air, such cohesion cannot develop under saturation. This is the principal 
cause of the softening up of granular soils, as well as clays, under saturation. 
Hence, all tests bearing on the stability of a relatively impervious fill should 
be conducted on saturated material in order to determine the safety of such 
a structure in its critical condition. 

The author does not mention the penetration needle in connection with 
soil analysis and gives no reason for this omission. Based on tests (as yet 
incomplete) conducted at the laboratory at San Gabriel Dam No. 1, it is 
believed that the significance of the penetration or plasticity needle has been 
misinterpreted in the past. These tests tend to show that the penetration 
needle, although an excellent moisture indicator on the wet side of the peak 
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of compaction (see Fig. 12) is not reliable as an indicator of stability of a 
fill if the pore water is under stress. 

The safety of a dam fill composed of insoluble material depends directly 
on the shearing strength of its grain structure as long as over-topping is 
prevented. The shearing strength for a given density, in turn, depends on 
the rate of percolation and the pore-water stress. Although the rate of per- 
colation primarily depends on the grain size, the pore-water stress depends 
on the condition of loading and particularly the rate at which load is being 
applied. Hence, the influence of the sudden application of load on a saturated 
dam fill, due to earthquake, for example, is an important part of the analysis 
of safety. 
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EK. Mriraseuu,” M. Am. Soo. OC. E. (by letter).%**—In discussing safety 
factors and working stress, Mr. Karpov points out that the safety of a 
design in any redundant construction may be influenced by the fact that 
weak members can transfer part of their burden to other parts of the struc- 
ture. In this manner the actual factor of safety is raised above that indi- 
eated by a comparison of computed stress with yield point or ultimate 
strength of material. In a simple beam there occurs a similar transfer of 
load from over-stressed outer fibers to under-stressed interior fibers, and 
the calculated stress does not give an exact indication of the margin avail- 
able to the useful load-carrying capacity of the beam. After the maximum 
fiber stress has reached the yield point a certain amount of additional load 
may be applied without causing distress and, within definite limits, the beam 

_ deflection will continue nearly in direct proportion to the loading. Ulti- 
mately, the useful limit of the beam is reached, and deflection will increase 
rapidly with little or no increase in loading. The useful limit is affected 
to a large extent by the type of beam section and also to a small degree by 
the type of loading. These facts have been known for some time from 
results of tests and are used to some extent in the structural analysis of 
airplanes™. A process which would lead to a quantitative prediction of the 


: : b 2 r ) 

behavior described herein would, to some degree, attain Mr. Karpov’s apparent 

Norn.—This Symposium was presented at the meeting of the Structural Division 

at Pittsburgh, Dae Ooraber 14-15, 1936, and published in October, 1936, Proceedings. 

This discussion is printed in Proceedings in order that the views expressed may be 
brought before all members for further discussion of the Symposium. 

103 Asst. Prof. of Structural Design, Dept. of Civ. and San. Eng., Mass. Inst. Tech., 


Cambridge, Mass. 
10a Received by the Secretary, October 31, 1936. 
104 “Airplane Structures”, by Niles and Newell, John Wiley and Sons, N. Y., 1929, 
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aim which is to diminish the gap between predicted and actual behavior. 
Such a process for beams of ordinary carbon steel may be based on an 
idealization of the stress-strain diagram into a series of straight lines, 
as shown in Fig. 46(a). The strain-hardening region to the right of me is 


Values of Stress, 5 
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Fic. 46—STRESS AND STRAIN DIAGRAMS. Fic, 47.—ReEcTANGULAR BEAM WITH A CON-. 
CENTRATED LOAD AT THE CENTER. 


unimportant because failure takes place in a form of a rapid increase in the 
rate of vertical deflection before the outer fibers are strained sufficiently 
to reach this region. (This discussion refers to plastic failure only and 
not to elastic failure due to lack of lateral support.) The assumptions are 
made that through the entire range of stress, including the plastic range, 
a plane section before bending remains plane after bending” and also that 
the stress-strain relation is the same for tension and compression’™. The 
stress distribution over a symmetrical beam section then will be as shown 
in Fig. 46(b), with a portion near the neutral axis in a state of elastic 
stress and the remainder of the section in a plastic state, 

To illustrate the method of developing the deflection equations, the | 
rectangular beam shown in Fig. 47 will be considered with a single concen- 
trated load at mid-span of sufficient magnitude to produce a region of 


1 “Hlastizitit und Festigkeit”, by Bach-Bauman, Ninth Edition, Berlin, 1924, p. 2895 


16 “The Strength of I-Beams in Flexure”’, by H. F. Moore, Bulletin No. 68, Eng. E i- 
ment Station, Univ. of Illinois, Urbana, Il. g. Experi- 
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plastic stress. The limits of the plastic regions are defined horizontally 
by « and vertically by y. Using Fig. 46(b) and Fig. 46(c) and taking 
moments about the neutral axis, it can be shown that the moment of 
resistance is, ; 


il 3 1 
[ies oS Bo Sa Pee eeu eal) Wane aka ee ade Nls ns |e 14 
oats G 3) ae 


Now, let P, represent the smallest load that would cause a maximum 
‘bending stress equal to the yield point stress, and let M, represent the corre- 
sponding maximum bending moment. Then, from the equality of external 
and internal moments it is obvious that, 


Mi temte Bef ig ponte einen (15) 
4 6 
At the section where + = x, (see Fig. 47), the bending moment is, 
Eytan 5. ie <r ee 
ne n)= Lah Ae ‘eJelle,(e!\e es) sete let ee (16) 
from which, 
pe Aieaaes ') eee cs 21. (17) 
2 P. 


Equation (17) defines the horizontal limit of the plastic region along the 


outer fibers. 

The strain along the outer fibers at any section which cuts the plastic 
region is measured by the value of the quantity, n, at that section. To 
obtain an expression for the strain factor, n, substitute Equation (15) 
in Equation (14) and equate internal and external moments, thus: 


TRE EY aN Mire ly 5 ee ae ) suds) 
2 2 4 2 2 n? 


When z = 2, it is obvious that n = 1, and, since in the purely elastic 
region the strain is proportional to the bending moment, it follows that in 


the region, L > x > a, the strain factor is given by the expression, 


URES, AMM RAINE sco (20) 
1D, ae PA Uy, 


The strain factor, n, may be used now to obtain deflections from the 


relation, 
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in which m is the bending moment at any section due to a unit load applied 
at the section for which the deflection, 8, is desired, and dé is the angular 
distortion in any element, dv. From Fig. 46(c) it is apparent that the 
angular distortion is, 


Tf the deflection at mid-span is to be determined, 


m= De (Z — 2) BE LES a APG eet (23) 
2 \2 


Substituting Equations (22) and (23) in Equation (21) and then perform- 
ing the integration with the help of Equations (17), (19), and (20), and 


simplifying: 
2 
ELEY 82 Ee BP fag )+]} eee (24) 
h P 6 4 12. / Ne 


in which n; is the strain factor at mid-span and may be calculated by use of 
Equation (19). If the quantity within the braces is given a substitution 

value, u, Equation (24) may be simplified thus: 

2 
gjiat BAS ced oh ate (25) 
h 

An alternative method for calculating deflections is by using quantities, 
dé, as “elastic weights.” From Equation (22), it is seen that for a beam 
of uniform height the only variable is the quantity, n. This quantity may 
be used alone as an “elastic loading” if the results are corrected by multi- 


plying by the.constant, 2—. The deflection at any point of the beam is the 


“bending moment” resulting from the application of the “elastic loading.” 

The foregoing method may be extended to beams with other types of 
cross-section. The loading-deflection curves shown in Fig. 48 were plotted 
from calculated deflections. The I-sections were assumed to have a ratio 
of flange thickness to depth of beam equal to 0.05 and a ratio of web thick- 
ness to width of flange equal to 0.10. These are average values for standard 
I-beams. The diamond-shaped section is a square with loading in the plane 
of a diagonal. In all calculations it was assumed that n, — 12 (see 
Fig. 46(a)) and that the slopes of the two inclined lines of the idealized 


diagram are in the ratio, 1:80. These are average values for medium 
carbon steel. 


From the definition of P,, it follows that the ordinate, = = 1.0 (Fig. 48) 


1 
shows when yield point stress begins in the most stressed material. These. 


curves indicate a yield point in flexure which differs from the yield point 
in direct stress and which varies widely with the shape of the beam section, | 
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These curves also indicate a possible exception to Mr. Karpov’s statement 
that the stress-strain curves of Fig. 2 demonstrate the non-applicability of 
Hooke’s law to low-strength steel stressed above the yield point. If Hooke’s 
law may be interpreted as meaning that deflections are proportional to the 
forces which produce them, it is evident that sometimes the law is applicable 
with close approximation even when the steel is stressed above the yield 
point because the deflections continue very nearly in proportion to the load- 
ing for a considerable distance. The calculated curves are in good agree- 
ment with the published results of a number of experiments. If the yield 
point in flexure is to be taken as the limit of the useful carrying capacity 
of a beam (that is, the point on which the factor of safety is to be based), 
it is evident that such a factor will vary with the shape of the beam. For 
example, using a working stress of 18 kips per sq in. for steel having a 
yield point of 36 kips per sq in., the factor of safety in flexure for the square 
section on edge is 4, for the rectangular section, 8, and for the typical I-sec- 
tion, 2.4. To obtain a uniform safety factor of 2.4, for example, the working 
stresses should be 30 kips per sq in. for the square section on edge, 22 500 
kips per sq in. for the rectangular section, and 18 kips per sq in. for the 
typical I-section. 

If the maximum bending stresses as computed by the usual beam formula 
should accidentally exceed the yield point of the material by a small amount, 
there would be an apparent over-stress, but no sudden yielding of the beam. 
A small permanent deformation of the outer fibers may occur but the curves 
indicate that for the beam as a whole there could be no appreciable residual 
deflection on removal of the load. Residual stresses of tension might remain 
in the top fibers and compression in the lower fibers. However, this condi- 
tion is not worse than that in which beams or plates are straightened or 
bent cold in fabricating shops. It must be assumed in the foregoing dis- 
cussion that the range of stress is not sufficient to cause the fatigue failure, 
which Mr. Karpov has emphasized. ! 

There is no intention of suggesting the use of design stresses as high 
as the yield point of the material. It is simply indicated that an occasional 
loading to such a point or somewhat beyond produces no permanent 
harmful effect. 

There is still a question as to the effect of plastic flow or creep whereby 
long-continued, excessive loading may cause progressive increase in deflec- 
tion. It appears reasonable to believe that plastic flow of an appreciable 
magnitude occurs only if the plastic region extends over a considerable part 
of the cross-section of the beam. Otherwise, the resistance of the elastically 
stressed portion of the section prevents further deformation. 


. 27 Test data may be found in the following publications: “Experiments on the Yield - 
Point of Steel under Transverse Tests’, by Sir A. B. W. Kennedy, Engineering, London, — 
June, 1923, Vol. 115, p. 736: “The Strength of I-Beams in Flexure”’, by H. F. Moore, 
Bulletin No. 68, Eng. Experiment Station, Univ. of Illinois; “Strength of Light I-Beams’”’, by 
the late Milo 8S. Ketchum, Hon. M. Am. Soe. C. B., and J. O. Draffin, M. Am. Soc. C. E., 
Bulletin No. 241, Eng. Experiment Station, Univ. of Illinois; “Beitrag zur Frage der 
tatsachlichen Tragfihigkeit einfacher und durchlaufender Balkentriiger”’, von Maier- 
Leibnitz, Die Bautechnik, Berlin, 1928, Vol. 6, pp. 11, 27; and “Versuche mit eingespannten — 
une apes Balken von I-Form”, von Maier-Leibnitz, Die Bautechnik, Berlin, 1929, Vol. 
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The yield point in flexure for I-beams varies with the proportions of 
flanges and webs. The curves of Fig. 49 show the effect of variations in 
such proportions. It is interesting to note that keeping the flange thickness 


lues of the Ratio, a 
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constant and increasing the web thickness always results in an increased 

ultimate strength, whereas keeping the web thickness constant and increas- 
ing the flange thickness does not always result in an increased ultimate 
_ strength. 

The foregoing methods for simple beams may be applied to continuous 
beams with interesting results. For example, for the rectangular beam 
shown in Fig. 50, P, is one of a pair of equal loads which when applied at 
mid-span will start yield-point stress at a section over the middle support, 
and P is the corresponding load which will start yield-point stress at a 
section under the applied load. It is found that the loading may be increased 

from P, to 1.198 P,, or about 20% without causing plastic stress anywhere 
except in the small shaded region over the middle support. With a group 
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of four equal loads applied at the one-third points of the spans, the corre- 
sponding increase is nearly 50 per cent. 

It would seem that any modern or future stress theories which aim aff 
economical and effici- 
ent use of materials 
should recognize the 
effect of shape of sec- 
tion on the ultimate 
strength in flexure, 
and that some parts 


L - - of a structure may be 
Fic. 50.—CONnTINUOUS RECTANGULAR BEAM. stressed to the yield 


P=1.198 P, P=1.198 P, 


0.375 P, 


point, and even beyond, without impairing its usefulness. Such recognition 
would tend toward the accomplishment of Mr. Karpov’s purpose which is 
“* * ® the designing of structures in which the evaluated and actual safety 
factors are identical.” 


R. W. Voss, Jun Am. Soc. O. E. (by letter).°°*—The statement by Mr, 
Brahtz that “the photo-elastic method is a two-dimensional analysis”, must be 
taken to apply not only to the general nature of the problem, but also to every 
individual point of interest in the structure to be investigated by the method. 
It has not been generally appreciated that in many cases which are nominally 
two-dimensional—such as the bearing of rollers, the distribution of stress in 
riveted gusset-plates, and the concentrations of stress in the vicinity of 
sharp corners—third-dimensional stresses arise in the flat model, due to sur- 
face distortions and to methods of load application in the actual model. These 
stresses inevitably balk the investigator, since they affect his tool—the light 
ray—in an indeterminate manner, and force him to avoid many localized 
regions of high stress which may be critical in certain types of design 
involving repeated stress. 

The same limitation is encountered when an attempt is made to analyze the 
surface stresses in a three-dimensional structure by means of any of 
the “surface photo-elasticity” methods, of which Mr. Brahtz mentions one. 
A sheet of any of the photo-elastically active materials may be conveniently 
examined from one side only, if the other side is provided with a reflecting 
layer to return the polarized light to the analyzing apparatus. If the reflect- 
ing side of this sheet is attached to, or inserted in, a loaded model of any 
material, the sheet will partake of the strains in the model, and the stresses 
induced in it may then be determined photo-elastically and used as an indi- 
cation of the stresses in the model. The method fails in the general case, 
however, due to the three-dimensional nature of the stresses induced in the — 
surface sheet by the model, and it is found to give accurate results only in 
regions where the stress is not changing rapidly, in which case strain-gages — 
might equally well be applied. Further limitations in this particular applica- 
tion come from the low stresses induced in the photo-elastic model due to their 
and ieee ahi aoe cl EMER EE I 
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unusually low moduli of elasticity as compared with engineering materials, 
and from the present inability of the method to give other than the shearing 
stress at a point. 

In addition to the usual transmission type of polariscope as described by 
_ Mr. Brahtz, the writer has found considerable use for a portable reflecting 

polariscope which has been designed at the Massachusetts Institute of Tech- 
nology. In this instrument are combined an observing telescope of conven- 
tional size, mercury are and incandescent illuminators projecting through 
the objective lens of the telescope, and a polarizing unit mounted over the 
objective lens and serving both as a polarizer and an analyzer. This is 
used with a specimen provided with a reflecting surface or a separate reflector, 
as mentioned previously, and owing to its small size may be carried to a model 
loaded in any suitable testing machine and moved from point to point around 
a model of any complexity. With its small size goes a correspondingly small 
field and low illumination, so that the instrument is not suited for projection 
work and must be used visually over small areas. 

The same portable polariscope can be converted from the usual type of 
differential interferometer to an interferometer of the Fabry type with which 
the individual principal stresses can be determined. The principle of this 
interferometer and the equations for the solution of its indications are the 
same as those of the Mach-Zehnder interferometer which Mr. Brahtz 
describes, but instead of the expensive reflecting apparatus described by him 
the two surfaces of the model itself, polished to high reflecting power and 
parallelism, are substituted. This method promises to be an inexpensive sup- 
plement to other photo-elastic methods, 

In connection with the determination of the individual principal stresses 
from the shear stress pattern furnished by the usual differential polariscope, 
it should be mentioned that each method has its own field of applicability. 
The point-to-point integration methods of Filon and of Neuber are dependent 
on having a number of free boundary points, or other points at which the 
complete stress conditions are accurately known; but on the other hand they 
are the only methods that can be applied to models which have flowed plas- 
tically. Such models are of importance in the fields of mechanical processing 
and soil mechanics where the possibilities of “photo-plasticity” have only been 
touched. On the other hand, the lateral extensometer methods, the Mach- 
Zehnder and Fabry interferometric methods, and the membrane methods all 
depend upon elasticity in the model. 

In reviewing the past applicatioris of photo-elasticity it seems that the 
' field of mechanical engineering has been rather thoroughly covered by the 
present methods, and the designer in this field now has available sufficient 
data on stress concentrations and similar effects to enable him to handle, 
satisfactorily, most questions dealing purely with stress The overshadowing 
influence of fatigue, surface conditions, vibration, residual stresses, and many 


other factors, lessens the importance of accurate stress estimation. In con- 


trast, the structural engineer is faced with problems in which stress calcula- 
tions are of major importance in the design, and here it is that photo-elasticity 
may find increasing fields of usefulness in its present form. 
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Raymonp H. Hosrock,™ Esa. (by letter)."“*—Considerable information on 
the mechanical and physical properties of the aluminum and magnesium 
alloys is presented in the paper by Messrs. Jeffries, Nagel, and Wood. The 
authors have wisely indicated quite a number of conditions for which it is 
best to consult the manufacturer of the metals before the selection of a 
particular alloy is made. It is the latter point which the writer intends to 
emphasize. 

Civil engineers, in common with a majority of other engineers, are prob- 
ably most familiar with the ferrous alloys and, through training and associa- 
tion, have become familiar with the interpretation of data on mechanical 
properties with the ferrous alloys in mind. The familiar mechanical proper- 
ties for which values are usually given are the modulus of elasticity, the yield 
stress, the ultimate stress, the percentage elongation, percentage reduction 
of area, and, more recently, the endurance limit. If the engineer proceeds, 
by the same testing methods, to gain numerical values for these quantities 
for an aluminum alloy and for an iron-carbon alloy, the question arises, 
first, as to the legitimacy of a comparison of such numerical quantities as a 
basis for the determination of the general useful characteristics of the 
materials for specific applications. Secondly, one may inquire as to what 
other information is required for a reasonably complete analysis, providing 
a comparison of the measured numerical quantities of the mechanical 
properties are admitted as a legitimate first gat ara cael for an estimation 
of usefulness. 

In order to gain some idea of the co-relation between the usual measured 
mechanical properties and the information which might be required by a 
civil engineer, it is important first to understand what the quantities deter- 
mined for the mechanical properties actually measure, and then to examine 
whether or not the properties so measured are pertinent in the design of a 
successful structure. 

Of the mechanical properties usually measured: 


(1) The elongation, the reduction of area, and the contraction measure 
the capacity to flow; that is, they measure the plastic characteristics; 

(2) The elastic limit and the yield stress give values at which the 
plastic characteristics begin; that is, they give numerical values for forces 
required for the material to deform or to flow some small amount fixed by 
general agreement; 

(3) The ultimate strength is a specific stress value measured during the 
course of the plastic deformation; it measures the force required for plastic 
flow at the point where the flow presents the greatest resistance; and, 

(4) The endurance limit is a value for a specific stress which may be 
applied any number of times in complete reversal without causing failure. 


Perhaps the most striking fact about an examination of these mechanical 
properties is that, with the exception of the endurance limit, they are all” 


1® Director, Research Laboratory, Bundy Tubing Co., Detroit, Mich. 
wa Received by the Secretary October 26, 1936. 
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associated with the plastic characteristics of the material. Since few struc- 
tures are designed with the intention of causing the structure to undergo 
a plastic deformation, some doubt may arise as to the value of such quanti- 
ties in the design of rigid structures. The value does lie chiefly in that 
these measured properties define a region that must surely be avoided. The 
yield stress or the elastic limit stands at the indefinite portal to this region 
—they reveal that at this point the material “flows a little’—how little is a 
matter that must be further investigated. 

Nevertheless, the engineer has learned to make use of these quantities, 
and he learned them, perhaps, very largely in association with the ferrous 
alloys. He may express his doubt of the exact location of the beginning 
of the region in which the material “flows a little’ by being on the safe 
side and assuming that that stress value is 20% too high; and he usually 
makes his structure two to ten times as strong as his best calculations (based 
upon the expected load and the yield stress of the material) indicate that it 
need be—he uses a safety factor. That safety factor can, and is, properly 
intended to compensate for more than accidental or uncontemplated excess 
loadings, or the imperfect state of current knowledge of stress analysis. It 
attempts to take into account a great many of the characteristics of the 
material that are unknown to the engineer or that are not quantitatively 
defined and subject to mathematical treatment. 

With this in mind the first question may be expanded and restated as 
follows: If it is conceded that behavior characteristics are usually taken 
into account in structures of familiar ferrous alloys by the introduction of 
safety factors learned through much experience, are all these characteristics 
so inter-related in the case of the light structural alloys that the same safety 
factors might be used as in the ferrous alloys? If not, are there safety factors 
that will serve such purpose? Or do the light alloys have some characteris- 
tics quite different in relative importance from the same characteristics for 
a ferrous alloy that should receive special consideration in the design of 
structures ? 

It may be of value to examine a few of the conditions that are normally 
imposed upon a structure, or that might reasonably be expected to be imposed 
upon a structure during the course of its life, and then inquire into what 
behavioristic characteristics are indicated for determining the relative value 
of materials in respect to these requirements. 

Anticipated Loadings.—Anticipated loadings of both a static and dynamic 
nature may be approached in the manner described by Mr. Karpov, making 
use of the best methods of computing stresses and based primarily upon the 
modulus of elasticity, the yield stress, and the fatigue properties. 

Accidental Localized Overloads-—Such an accidental overload may result, 
for example, from the impact of an automobile or other vehicle upon a 
structural element of a bridge. Under such conditions it is valuable to know 
how the material of the structure, and, finally, how the structure itself, will” 
re-act toward the redistribution of stresses. Will the structural element 
fail readily under an impact load? How sensitive is the structural material 
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to boundary conditions, to stress concentrations, such as rivet holes, sur- 
Will the sudden application of a load 


face injuries, corrosion cracks, etc? 
The answers are 


cause failure at loads much less than if slowly applied? 
dependent upon the capacity of the material to undergo a plastic deforma- 
tion quickly and, therefore, to redistribute the stresses. Some idea of the 
relative values of different materials in this respect is to be gained from 
impact testing, especially at various impact velocities, A more fundamental 
material property which perhaps serves as a measure of dynamic ductility 
is the damping capacity, that is, a measure of the capacity of the material 
to absorb energy. 

Much work still needs to be done in the correlation and interpretation of 
values for damping capacities directly in terms useful to the design engi- 
neer. Indeed, the first need is to devise experimental means for measuring 
the damping capacity as a function of applied stress. At present, values for 
damping capacity are usually correlated with the maximum stress in the 
specimen only, except for very small stresses, as in the case of a free bar 
subjected to small longitudinal vibrations. 


Relaxation or Creep.—If a sheet of metal contains a small hole at a dis- | 


tance of at least three times the diameter from the edge of the sheet, and if 
this sheet is subjected to tension forces, a stress concentration occurs on the 
circumference of the hole and on an axis of the sheet perpendicular to 
the direction of tension which is three times as large as the stress in the 
undisturbed part of the sheet. However, if the hole is filled tightly with a 
rivet, in such a manner that radial forces are exerted on the circumference 
of the hole, these stress concentrations may be eliminated. Suppose that a 
rivet is properly driven or squeezed in a hole and then exerts the radial 
force necessary to avoid the stress concentration, the question arises as to 


| 


Discussions 


how long this condition can be maintained; that is, will the material relax — 


after a certain length of time and relieve the radial forces? If it does, it 
will result in re-establishment of the stress concentrations. Obviously, 
information on relaxation and of creep, as well as the results of practical 
experiments, would be of value in this important case. 

Properties at Elevated Temperatures——These properties are of impor- 
tance to bridges, buildings, and structures of this type in so far as they aid 
in predicting the behavior of the structures under unusual conditions as, 
for example, in the case of a local conflagration in a building. If the 
strength properties of a structural material decrease rapidly with increase in 
temperature, it may happen that a purely local fire will endanger the entire 
structure. It would seem that, because of their relatively low melting 
points, the aluminum alloys should show a much more rapid decrease in 
such strength properties with increasing temperature than a ferrous alloy. 
Furthermore, those aluminum alloys dependent upon precipitation-hardening 
effects for a goodly portion of their strength, might be expected to decline 
in strength rapidly at relatively low temperatures. On the other hand, the 
aluminum alloys possess a great advantage in their high heat conductivity, 
this being about 4.5 times as great as for low carbon steel at 100° C, It 
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would be of considerable interest, however, to have comparative data on 
structures of the two materials designed for the same loading and subjected 
to identical conditions of local heating. 

The Course of Destruction of a Structure-—One type of destruction, 
obviously, is started as a structure is built; that is, the natural deteriora- 
tion. For a proper consideration of this factor, it is necessary to consider 
the corrosion properties in relation to the corrosive agents likely to act 
upon the material of the structure, the fatigue properties, the creep, the 
influence of the expected atmospheric temperature variations, and, in 
the case of precipitation-hardened materials, the influence of time itself. 
Since the acquisition of the highest strength properties in the case of some 
of the precipitation-hardened materials is a function of time after the solu- 
tion heat treatment, one might expect that deterioration in properties might 
also be a function of time. This can be shown to be true in tests at elevated 
temperatures. From theoretical considerations one might expect a precipita- 
tion-hardened material to be thermodynamically more unstable at room 
temperatures than at elevated temperatures so that the tendency for a 
decrease in strength properties is greater at room temperatures. However, 
it is quite certain that the rate of approach to the condition of a thermody- 
namically lower energy level (and, consequently, to decreased strength prop- 
erties) is much less at the room temperature. Information regarding 
strength properties of the light alloys after long times, under stress, and 
subject to the usual temperature variations of the atmosphere, would do 
much toward deciding whether or not this is a consideration of any practical 
importance. 

In the event that a structure does fail by overloading, or a part of it 
fails in fatigue, and that this local failure leads to failure of the entire 
structure, how will it fail? Will it fail suddenly or will there be some 
warning, such as an apparent slow deformation of the structure? Obviously, 
some clue of this is to be gained by comparison of the plastic characteristics 
of the material—exactly those properties most often measured and listed. 

Let no one gain the impression that all this desirable information is 
available about structural steel and is not available about the light alloys. 
This is certainly not the case; but engineers have used structural steel for 
a long time, and there is incorporated in the safety factors which they apply, 

“some estimation of many of these unknown characteristics. The future will 
undoubtedly see a considerable use of the light alloys for civil engineering, 
and it has been the writer’s intention to indicate that values for the ordi- 
narily measured behavioristic characteristics, coupled with the usual sales 
factors—or perhaps with any one or two safety factors—will very likely not 
be sufficient to produce a good design. : é' 

At the present state of knowledge and in consideration of the relative 
unfamiliarity of structural engineers with the light alloys, ieee ei ot 
Messrs. Jeffries, Nagel, and Wood to “consult the manufacturers” should be 


strongly emphasized. 
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WituaMm F. Crapp,” Esa. (by letter).“"—The money spent in the effort to 
solve the various angles of the corrosion problem, with the ultimate object 
of producing superior metals, is staggering. Enormous numbers of long-time 
exposure tests are being conducted in many parts of the world under all con- 
ceivable conditions. On the other hand it seems that intensive studies of 
service records either have not been equally stressed, or the results have not 
been published or made available to the interested student. Therefore, it is 
to suggest that additional effort be made to analyze carefully the various 
factors that have resulted in the innumerable examples of exceptionally good 
and exceedingly poor service records of the various metals. It is not within 
reason to anticipate that findings of value, comparable to those obtained 
from exposure tests, might result from the equally intensive laboratory studies 
of service records. 

Although deeply interested in the various factors connected with the 
problems of corrosion, the writer’s observations have been entirely confined to 
the study of a limited number of examples of metal deterioration, in which 
one or more of a large group of marine organisms has been designated as either 
directly responsible for, or as producing indirectly the conditions favorable 
for, accelerated corrosion. To read in recent engineering reports that the 
“marine borers” were responsible for excessive deterioration in certain steel 
structures in California; and in other reports that probably certain species 
of Balanus accomplished the same results by means of some powerful secre- 
tion, is certainly sufficient to arouse one’s curiosity. Although the destructive 
powers of the marine borers should not be under-estimated, it is scarcely fair, 
when causes are difficult to find, nonchalantly to blame the “bugs.” Some 
effort should be made either to prove or to remove the implication that marine 
organisms, particularly marine borers, are contributing factors of major 
importance. To prove them entirely innocent of this particular outrage is not 
as simple a matter as at first anticipated. Dr. F. N. Speller and others have 
indicated™ some very insidious methods by means of which the marine organ- 
isms may after all contribute their share to metal corrosion. However, actual 
proof seems still to be lacking. 

An accumulation of records of the biological, chemical, and electrical con- 
ditions surrounding outstanding examples of excellent and poor service, 
together with the analyses of the metal involved, would not be an appalling 
program of research, particularly when the annual losses due to corrosion, as 
described and tabulated by Mr. Aston and others, are taken into consideration. 


J. C. Hunsaker,” Ese. (by letter).“*—Three stimulating papers on the 
application of stainless steels, aluminum alloys, and magnesium alloys have 
been presented by Messrs. Ragsdale, Hartmann, and Winston, respectively. 
The three papers will be considered together by an engineer faced with the 
EES eT ae Lene RE IE re ee 
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necessity for making a decision as to the materials for his design. He will 
appreciate Mr. Hartmann’s paper best, perhaps, because it gives him practical 
design data rather than physical properties and generalities which, although 
significant, may not bear on his specific problems. Obviously, there are other 
criteria than strength, weight, and cost of the metal involved in structural or 
mechanical design. The engineer responsible for a decision must be assured 
of durability and maintenance, procurability in quantity without sacrifice of 
uniformity, shop and erection tooling and practice, and other factors which 
bear on over-all safety. There is less information offered concerning the latter 


factors, as applied to stainless steels and magnesium alloys. 


The engineer, for example, may be interested in the possibility of light- 
weight floors for existing bridges, if the substitution of such a floor will 
prolong the life of the bridge; but he is loathe to abandon conventional 
materials. It is possible that such floors could be built of stainless steel with 
satisfactory weight, life, and durability, but the cost of material and fabrica- 
tion would be high. Since neither rolled nor extruded sections are available, 
all beams, stringers, and secondary members must be built up. They could 
not be welded to the existing structure, in all probability, since torch-welding 
affects the stainless steel and shot-welding is out of the question on thick 
members of mild steel. It would be difficult to drill them in the field so that 
they could be riveted, and riveted-joint design of thin members is uncertain 
and complicated. Repairs to existing stainless steel structures would appear 
to be difficult. Moreover, for bridge loads, substantial sheets would be required 
instead of the light gages used in rail cars and deck houses. ‘These sheets 
are well-nigh impossible to shear and are difficult to form as they have con- 
siderable “spring-back.” If bent too sharply there seems to be an effect on 
the grain structure due to the excessive cold working, with the result that the 
corners corrode. From these considerations one might conclude that stainless 
steel, as utilized at present, would not be economical, although its durability 
and low maintenance costs tend to offset the higher costs of the material itself. 

A real virtue of stainless steel lies in the indirect savings it makes possible 
for low-weight, high-speed means of transportation. The light-weight train 
operating at 90 miles per hr can do so on lighter rails and bridges than is 
possible with standard equipment. Duralumin or magnesium can be con- 
sidered as equal to stainless steel from this point of view, although one may 
question both from the standpoint of fire hazard, particularly the magnesium 
alloys. The latter are also questionable from the standpoint of corrosion, 
especially in climates burdened with salt moisture or chemicals. 

From what the writer has observed of the corrosion of duralumin in con- 
tact with steel in airplanes, he would question Mr. Hartmann’s recommenda- 
tion that steel rivets and pins be used for connections on structural aluminum. 
With adequate paint, corrosion can doubtless be prevented, but all one has to 
do is to look around at bridges these days to see how little paint they get. 
Such connections are questionable, particularly near the coast where the fogs 
are salt, or over railways where the blast from a locomotive blows sulfurous 


gases against the structure. 
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In buildings, the criterion for stiffness may be the plastered ceiling which 
has a definite deflection limit if cracks are to be avoided. It is true that 
aluminum beams can be made deeper so that they will have the required stiff- 


ness, and yet be lighter than steel; but when fireproofing is added, the total . 


weight is as great as, or greater than, that of the steel. Little or nothing may 
be saved in the weight of the building. Magnesium or stainless beams prob- 
ably suffer from the same lack of stiffness; the one due to a low value of F, 
the other due to the use of deep, thin-walled elements carrying high unit 
stresses. 

The engineer needs to know the limits of available standard elements of 
construction for stainless steel and magnesium. Stainless sheets seem to be 
limited in width because of the difficulty of rolling a hard metal to a con- 
stant thickness. The writer does not know what the limits are for the various 
gages; he assumes that magnesium is not available in long extruded sections 
having larger areas. Aluminum alloy was in this condition before 1926. 
Stainless steel can be formed through rolls so that long sections are available, 
but they are limited in width. It is difficult to know what can be done with 
tubes but the structural engineer considers this section an impossible one in 
any case, since he cannot fasten other members to it conveniently. 

In general, the three materials—stainless steel, aluminum, and magnesium 
—are clearly of great interest both to the structural, and to the mechanical, 
engineer; but the specific applications will be approached with caution and 
step by step. It is fortunate that development of the three types of metal is 
in such competent hands, but it will require both experience and opportunity 
before engineers are able to proceed with confidence to the special application 
of each to uses in which it has a real advantage. 


Horace C. Knerr,” Esq. (by letter).“*—A symposium on light-weight 
structural design seems incomplete without including that class of material 
which affords the lightest possible construction, namely, heat-treated alloy 
steel, in the range of 150 to 200 kips per sq in. 

Considered in terms of load-carrying capacity for a given weight of 
material, metals may be compared on the basis of a strength-weight factor 
obtained by dividing the design strength value (that is, ultimate strength or 
yield strength), in kips per square inch, by specific gravity.“ 

Taking representative strength values for magnesium and aluminum alloys, 
respectively, and comparing them with steel on this basis: 


Magnesium = Duralumin = Alloy Steel = Strength-Weight Factor 

35 55 150 

1.8 2. SModuiviach Ss 

If the foregoing strength values are taken as ultimate, they are conserva- 
tive for the metals indicated. If they are regarded as yield values, the 
factors for magnesium and duralumin are extreme, but that for steel can be 
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exceeded. Steel, therefore, as a material, may equal or exceed in lightness 
the so-called light alloys. 

Steel lends itself admirably to assembly by any of the welding processes— 
acetylene, electric arc, electric resistance, ete —whereas the magnesium and 
aluminum alloys do not. 

The autogenous welded joint is more efficient as regards material than the 
riveted joint and, therefore, it is lighter, thus contributing further to 
the lightness advantage of steel. 

Comparison of the high-grade, heat-treatable alloy steels with the stainless 
steels, such as Alloy 18:8 (which derive their strength from cold work), shows 
certain advantages for the less costly material. 

Stainless steels can be welded only by a proprietary process without sacri- 


ficing strength and corrosion resistance. They can be given high strength 


(150 kips per sq in., or more) only in the form of thin ribbons or strips and 
must be formed and fabricated in this hard, springy condition—a difficult feat. 

Their necessarily thin structural sections and the relatively low elastic 
modulus of the material tend to result in flimsiness and excessive deflection 
under load. 

Their costliness is somewhat offset by their corrosion resistance and attrac- 
tive appearance, and, in some cases, by their non-magnetic character. 

Heat-treatable alloy steels, such as chrome-nickel, chrome-vanadium, chrome- 
molybdenum, and others of moderate cost, can be used as forgings, rolled or 
pressed shapes, or, desirably, as seamless or welded tubing which possesses 
outstanding engineering advantages. These steels are easily worked, hot or 
cold, and some are better adapted to welding than others. 

Parts may be heat-treated prior to assembly by means of bolts or rivets; or, 
units of moderate size, after assembly, by welding, provided necessary precau- 
tions are taken to avoid distortion. The weld is strengthened by the heat 
treatment. 

Magnesium, aluminum, and stainless steels have all been brought to their 
highest point of development in the construction of aircraft. The same is 
true of heat-treatable alloy steels. These steels, in tubular form, assembled 
by acetylene welding and then heat-treated, have been used successfully for 
many years in the most vital parts of aircraft, such as the landing gear, wing 
beams, and heavily stressed structural members where great strength, tough- 
ness, reliability, and resistance to shock and fatigue, combined with lightness, 
are essential. They are still unequalled by the more recently developed 
materials for these locations. 

The three types of metal discussed in this Symposium are all more or less 
subject to proprietary interest. Their engineering and industrial applications 
have been promoted vigorously by their sponsors, chiefly in competition 
with the ordinary steels of low strength. 

The heat-treatable alloy steels of high strength, being common property, 
have lacked this sponsorship and, consequently, have been rather neglected in 
the rush of new developments. They offer advantages of great importance 
in the field of light-weight construction, advantages to which the Engineering 
Profession may well give careful attention. 
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F. T. Stsco,™ Ese. (by letter).““"—Such a clear and comprehensive picture 
of the alloy steels and the light non-ferrous alloys has been presented in this . 
Symposium that it seems impossible to add anything of interest on the proper- 
ties and applications of these materials. There is one point, however, which 
was neglected by all the authors, which should be mentioned. That is, the 
role played by the research laboratories in developing these alloys so that 
the engineer will have readily available, at a reasonable cost, a material with 
certain distinctive properties or combination of properties. Although the 
writer will confine his remarks to alloy steel they are, perhaps, equally 
applicable to the non-ferrous alloys. 

The history of alloy steels goes back scarcely fifty years, but in that short 
time splendid results have been attained and some remarkable materials have 
been produced. Considering the vastness of the field, it is quite astounding 
that the research laboratories have produced steels which meet almost every 
present industrial demand. The vastness of the alloy-steel field may be 
realized when it is remembered that of the alloys of iron with carbon and 
the eight common alloying elements about 50 000 000 combinations are possible. 

Broadly, there are two kinds of research on alloy steels. It is difficult to — 
give them names. They might be called scientific and practical; or if one 
wishes to be as cynical as a certain physicist, one might call them planned and 
“hit-or-miss”, or “machine-gun” research. Under the research which the 
writer has tentatively termed “scientific” or “planned” is included work on 
constitutional diagrams and its ramifications. There are many outstanding 
examples of such work by American metallurgists. This type of research 
has as its object the addition of basic knowledge on alloy systems and may 
or may not have practical consequences. No metallurgist will deny, however, 
that it is important that the gaps in basic knowledge be filled as soon as 
possible, even if nothing practical results. 

Practical or “hit-or-miss” research is essentially carried on by using as a 
base material a commercial carbon steel or cast iron, and adding special — 
alloys, or treating the material in special ways, to note what happens. For 
many years most of the research on alloy steels was conducted in this manner, 
and most of the common alloy steels are the result of such work. There is 
much justification for it, because the effect of combinations of alloying 
elements can rarely be predicted from the known effects of these alloys when — 
used singly. Much of the research at the present time is a combination of 
planned and “hit-or-miss” methods. 

One of the important essentials in beginning research work on alloy steels, 
whether it is to fill a gap in basic knowledge or to develop a new low-alloy 
steel, is for the metallurgist to be sure that he is not repeating work already 
done by some one else. Despite the fact that only a few hundred, or at most 
a few thousand, of the 50000000 possible combinations of alloys have been 
investigated, the literature on alloy steels is enormous. Reports of such 
research are scattered through thousands of journals and books in many 
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languages. Reviewing this literature is time-consuming and, except where 
large libraries are available, practically impossible. Consequently it has fre- 
quently happened in the past that, after a metallurgist had completed his 
research, he found that similar work had been done previously by some 
one else. : 

To avoid such unnecessary duplication of effort “Alloys of Iron Research” 
was founded in 1929 by The Engineering Foundation. Its object is to review 
this vast literature, “weed out” the clearly erratic work, correlate and sum- 
marize the remainder, call attention to conflicts in data, and recommend 
research to fill gaps in basic knowledge. The results of this critical review 
of the world’s research are correlated in a series of monographs which give to 
the metallurgist all the essential known data on alloy steels, thus enabling 
him to plan his research and development work with no loss of time and effort. 
They also give to the engineer an unbiased summary of the properties of 
all the alloy steels known to-day. 

What will be the future of alloy steels is any one’s guess. It has been said 
that the world is entering an alloy-steel age. No one knows now how many 
of the 50000000 possible alloy steels will be worthless commercially or at 
least no better than the ones available to-day. No one knows how many of 
them will have remarkable properties, so remarkable perhaps that a veritable 
revolution in construction may occur when they are developed. The most that 
can be said is that good alloy steels are available to-day (steels which are 
entirely satisfactory for many commercial applications) but that more research 
is needed to develop new steels, to improve the properties and reduce the cost 
of the older ones. That the iron and steel industry recognizes this is plain 
from the speed with which its laboratories are working, from the rapidly 
expanding literature reporting the results of research, from its splendid 
co-operation in the basic research to fill the gaps in the knowledge of alloy 
systems, and from the new alloy steels which are made available each year. 
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THE MODERN EXPRESS HIGHWAY 


Discussion 


By MEssrs. ELMER R. HAILE, JR., H. W. GIFFIN, AND T. T. WILEY 


Exmer R. Harz,” Jr., Jun. Am. Soc. C. E. (by letter).*"—Since more and 
more monies are being expended for the renovation of obsolete highways, this 


paper comes at an opportune moment. It succeeds admirably in outlining — 


the subject of building safety into highway design, and in suggesting desirable 
researches and tests. This discussion presents the results of experiments per- 
taining to various design details, refutes the theory that the design of high- 
ways for high speeds will lower the accident rate, and suggests an alternate 
method for lowering the accident rate. 

The Design Speed.—The design speed of 100 miles per hr appears to be 
unnecessarily high. It may be true that automobiles can be built to cruise 
at 100 or even 120 miles per hr, but that fact in itself does not justify the 


design of highways for those speeds, because the average driver will never | 


travel that fast. Conceivably, a few drivers might develop high speeds, but 
their numbers would be far too small to warrant the additional expenditure 
involved. ; 

Studies indicate that the intelligence of the human race has not increased 
measurably in the last 100 or 1000 yr. Hence, it is erroneous to assume that 


the ability of Man to reach quick decisions or that his tendency to make 


mistakes will change appreciably in the near future. To quote from the paper, 


“the present railway maximum speed is approximately 80 miles per hr. The 


drivers of trains are trained, picked men, familiar with their runs, * * * with 


ee 


definite orders and under close supervision.” Even so, there are instances — 


of trainmen disobeying orders and signals. If men with only average judg- 
ment, slight supervision, little training, and perhaps no knowledge of road 


conditions were allowed to take over the operation of trains, the number of — 


accidents would “sky-rocket.” On the highways the personnel is exactly as 
described in the preceding sentence, with the additional formidable handicap 


—— 


2. Norp.—The paper by Charles M. Noble, Assoc. M. Am. Soc. C. E., was published in 4 
September, 1936, Proceedings. Discussion on this paper has appeared in Proceedings, as 


follows: November, 1936, by Messrs. Fred Lavis, Joseph Barnett, G. E. H 
F, Fairchild, Leslie R. Schureman, and C. H. Purcell, | : hiding ica 
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that their vehicles do not run on fixed rails. The path of each car is con- 
trolled by the driver and, therefore, may be subject to every possible human 
reaction. Whereupon it may be reasonably deduced that highway speeds 
ranging close to the railway maximum of 80 miles per hr are out of the 


question for the average driver. 


A speed of, say, 60 miles per hr might fhe safe, but even in this case it 
would be necessary to bar incompetent drivers from the road. In practice, 
this proves to be almost impossible. There are always those drivers who pass 
the most rigid of examinations and then proceed to be reckless, or at least 
lax, in concentrating their attention on driving; not to mention those who 
become incompetent due to ennui and fatigue, and intoxication. 

All of which leads to one conviction, which is, distasteful though it may 
be to many persons, that the solution is to fix a maximum speed limit. 
Granted that there are some drivers who know what a safe speed is, and can 
safely “hit 90”, yet for every such driver there are a dozen who can not 
judge whether or not they are proceeding at a safe speed until an emergency 
arises. Likely as not it is an innocent party who pays with his life for the 
driver’s poor judgment. The proposed speed limit must be enforced, in sharp 
contrast with most present-day limits. Of the several means of enforcement, 
schooling is undoubtedly the best in the long run, supplemented with police 
patroling and, in some cases, mechanical speed control. 

After exhaustive tests and observations are made and the maximum safe 
speed is determined and agreed upon generally, then the minimum design 
standards for that limit may be established. Lower speed limits will be 
necessary for secondary roads, and for trunk roads in congested areas and 
mountainous country. Of course, there is no harm in building a highway 
safe for speeds greater than the speed limit; such construction increases the 
factor of safety. The point which the writer wishes to emphasize is that 
the construction of 100 miles-per-hr highways will not in itself serve to 
reduce the number of fatal accidents if cars are permitted to attain 100 miles- 
per-hr speeds. There is a certain speed above which the average driver can 
not go without appreciable risk of a fatal accident, no matter if the road is 
theoretically safe for 120 miles per hr. For example, statistics from several 
sources indicate that the majority of present-day accidents occur in the coun- 
try, during the day, on dry pavements, and where the road is straight. These 
accidents are inexplicable; they must be charged to the frailties of Man. 

The standard of 100 miles per hr has another vitally important disadvan- 
tage, namely, the high cost, not only for the right of way and area of pave- 
ment, but particularly for the elimination of grade crossings and points of 
access, and, except in flat terrain, for the grading. Only a few of the heavily 
traveled arterial routes can qualify as being sufficiently important to justify 
such expenditure. 

The writer is not prepared to suggest a maximum value for the design 
speed, but he does conclude that it need not be very much higher than one- 
half the design speed suggested by Mr. Noble. 

Accidents.—Referring to Table 1 in the paper, it is noted that more than 
one-third of all accidents involve pedestrians, These accidents cannot be 
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reduced by improvement in road design, except by the construction of side- 
walks, which, incidentally, must have a surface equally as good as, or better 
than, the roadway along which they are built or they will not be used by 
those they are intended to serve. About one-half the pedestrian accidents are 
due to the carelessness of the pedestrian. Education, particularly in the 
schools, is reducing that cause of accidents. The other half of the accidents 
that are blamed on the driver cannot be reduced by building high-speed roads. 

Again, referring to Table 1, it is noted that less than 7% of the accidents 
involve collision with fixed objects. About one-half of these accidents occur 
on curves, and one-half, on straight sections. . Therefore, an improvement in 
radii of curves will not materially reduce the accidents due to vehicles leaving 
the roadway, and it may increase them by encouraging higher speeds on curves. 

Again, it is noted that about 45% of the accidents involve collision with 
other automobiles. Of these collisions, about 11% occur at intersections, 9% 
are “head-on” collisions, and the remaining 25% occur with vehicles going in 
the same direction. The 11% part may be reduced by the proper development 
of intersections. The majority of all intersections, even in congested areas, 
will probably remain at grade for economic reasons. Much study is neces- 
sary to determine some type of intersection that will not be inherently hazard- 
ous. For example, islands or circles inserted in high-speed roads may be very 
dangerous. Higher speeds than those prevailing at present will certainly 
increase the number of accidents at grade intersections, regardless of their 
treatment, because of the unavoidable crossing of traffic. The 9% part— 
“head-on” collisions—may be reduced by the use of 20 or 22-ft roads instead 
of the usual 16 or 18 ft, by providing ample sight distances, by widening and 
easing of curves, and, in the few cases where four-lane construction is eco- 
nomically justified, by the use of divided roadways. However, since the great 
majority of trunk highways (about 95%) will remain two-lane, two-way roads, 
speeds higher than the present average will increase “head-on” collisions more 
than the improved design will reduce them. The 25% portion of all accidents 
can be reduced in about the same manner as the 9% just mentioned. In one 
instance, statistics show that accidents involving vehicles proceeding in the 
same direction are fewer on divided highways than on two-lane, two-way 
highways. yet, in another instance, the accident rate on the new divided high- 
way is greater than the rate on the old two-lane, two-way highway, due 
possibly to the higher speeds obtained on the improved road. 

To summarize, an analysis of the various types of accidents indicates that 
improvements in highway design will not serve to lower the accident rate as 
long as correspondingly higher speeds are permitted to develop, thus demon- 
strating the futility of trying to design roads for the maximum speeds of 
which modern cars are capable. 

The Dual Highway.—The dual highway is undoubtedly indicated wherever 
a two-lane highway is inadequate in capacity. In at least one instance, the 
concrete slabs of one-half of a new four-lane highway have been jacked up 


and moved transversely so as to leave a neutral area between cars traveling 
in opposite directions. 


~ ae 
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The writer has observed a serious disadvantage in having a width of pave- 
ment in excess of approximately 22 ft, especially for a two-lane, two-way high- 
way. Many drivers use the road as a three-lane highway, despite the narrow 
clearances, making it even more dangerous than the 30-ft, three-lane design. 

Superelevation.—Past practice has been to superelevate according to rule 
of thumb, or not at all. Consequently, the driver never knows what to expect 
when he encounters a curve. The greatest danger lies in having a series of 
curves superelevated for a certain speed followed by a curve superelevated for 
only one-half that speed, as would be the case if the first-mentioned curves 
were banked to the limit, and the following curve was very much sharper, 
but not banked any higher, inasmuch as the limit had already been reached. 

The writer has conducted road tests in an effort to determine the proper 

rate of superelevation for various combinations of speeds and radii. Modify- 
ing Equation (1) so as to take into account the transverse frictional force that 
is developed whenever the speed of the vehicle differs from the speed at which 
the gravity force due to the superelevation exactly balances the centrifugal 
force: 
Vy? 
F+ H= 0.067 — 
r 
in which, in addition to the notation of the paper, / is the coefficient of fric- 
tion between tires and road surface. 

Observing the speeds at which drivers begin to encounter difficulty in 
keeping their cars under control on curves of known radii and rates of super- 
elevation, substituting these values in Equation (16), and solving for F’, values 
are obtained ranging from about 0.05, at which practically no centrifugal 
force is felt, to 0.50, at which a severe centrifugal force is felt, throwing 
passengers against the sides of the car, and resulting in considerable trans- 
verse creeping or skidding toward the outside edge of the curve. Upon plot- 
ting the coefficient, /, for numerous values of V, a wide band of points results. 
A curve drawn slightly below the average of these points is reproduced in 
Fig. 6, and repre- 0.40 
sents the judgment 
of the more con- 
servative drivers as 
to the allowable 
values of F for 
safe driving. 

An interesting 
feature of the 
graph is the fact 
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need not be large at low speeds when the car can be slowed down within 
a few feet. At the other end of the graph, it is noted that much lower 
values of F are obtained, resulting in larger factors of safety. This is desir- 
able at high speeds when the results of skidding may be disastrous, and when 
a considerable distance is required for reducing speed in case the car should 
begin to skid, as might happen if the pavement were uneven, or slippery with 
mud or grease. 

Table 2 gives the maximum allowable curvature for various maximum 
speeds the values of / being taken from Fig. 6, and the maximum value of 
E being assumed arbitrarily at 0.10 ft per ft of width. In sections where ice 
conditions prevail over a considerable part of the year, a lower value, say, 0.07, 
may be advisable, in which case the maximum allowable degree of curve would 
be somewhat less. 


TABLE 2.—Minrmum Rapu ror Various Design Speeps, Usinc Equation (16) 
AND Fic. 6, AnD Assuminec #H = 0.10 


. | Maxi- he A Maxi- ee - | Maxi- +s . Maxi- . 
Maxi- Saini Mini- Maxi- sini Mini- Maxi- aes Mini- || Maxi- Mini- 


mum mum mum mum mI mum mum mum 
oom ae radius of =e See radius of |} safe Sie radius of |} safe Pra radius of 
Py ’| friction, gaye . ae 4 dee etn * speed, friction, phases 4 PF >| friction, prmhie . 
(1) (2) (3) (1) (2) (3) (1) (2) (3) (1) (2) (3) 
20 0.30 67 35 0.21 265 50 0.18 728 65 0.09 1,490 
25 0,27 113 40 0.18 383 55 0.11 965 70 0.08 1,824 
380 0.24 177 45 0.15 543 60 0.10 1 206 ae Saar 


Since, in general, the average speed of vehicles will not be as high as the 
maximum safe speed, all curves flatter than the limiting curve should be 
superelevated for the average speed, using Equation (1), taking care, how- 
ever, that the use of a low value of F resulting from that computation will 
not cause a transverse friction factor, F, greater than the allowable for the 
maximum safe speed as computed with Equation (16). 

Spirals—The writer begs to differ with Mr. Noble’s opinion that spiral 
curves are unnecessary. To illustrate, assuming curves of 2900-ft radius 
with 1000 ft of tangent between reversals, as suggested in the paper, and 
introducing spirals of 1000-ft length (which will consume all the tangent), 
computations show that the offset required for inserting the spiral between 
_ the tangent and circular curve is 14.35 ft. This transition cannot be accom- 
plished by a car within a 12-ft lane when spirals are omitted; the driver is 
forced to make his own spiral rather short in order to stay within the lane. 
Such an abrupt spiral requires special concentration and judgment, which is 
foreign to the ideal stated in the paper that vehicles should enter the curve 
smoothly, without tendency to be thrown in or out—almost automatically. 
When the spirals absorb all the tangent, as in the preceding illustration, there 
is no break in curvature—the driver is turning his steering wheel at a con- 
stant rate between the curves; but with a piece of tangent between the curves, 
the driver must adjust his car to run on the tangent for a few seconds, 
and then adjust his car to the next curve. 
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Contrary to general belief, the highway with the longest possible tangents 
is not the ideal to be sought. A flowing alignment is much more pleasing 
and restful to the traveler than monotonous “straightaways” followed by 
abrupt (although under the maximum degree) curves. This suggests the use 
of very long spirals between tangents and circular curves. The ideal treat- 
ment of a sharp curve, especially if it is sharper than the standard, is to intro- 
duce a spiral (or perhaps a series of other curves) of gradually increasing 
curvature for a sufficient distance ahead of the curve to enable the driver to 
release his throttle automatically anl reduce his speed enough to make brak- 
ing unnecessary. In addition, sharp curves should be signed to indicate their 
safe travel speeds, for the benefit of that great number of drivers who are not 
gifted with sufficiently accurate judgment. The foregoing treatment is far 
safer than the usual method, which is to design a road for high speed until a 
certain under-pass or topographical feature is encountered and then promptly 
to forget the standards. 

In going around a curve, whenever a vehicle develops a lateral coefficient 
of friction, designated by F’, the body tilts with respect to a line normal to the 
axle. Upon entering the curve, it is advisable the develop the factor, F, 
gradually; otherwise, there will be discomfort due to sudden tilting.. Since 
F varies directly with the degree of curve, a transition with uniformly increas- 
ing curvature would allow a uniform increase in 7. A spiral curve has the 
property of uniformly increasing curvature; therefore, it is used for 
the purpose. 

If C is the rate of change of acceleration toward the center of the curve, 
Ty is the length of spiral, in feet, Vs is the velocity of the vehicle, in feet 
per second, r is the radius of the circular curve, in feet, and, if the curve is 
not superelevated: 


Bikes 


Tests conducted by the writer indicate that: (1) A value of C less than 3 ft 
per sec per sec per sec does not cause a noticeable lurch of the vehicle; (2) a 
value greater than 6 does cause a noticeable lurch; and (3) a value ot O as 
great as 10 ft per sec per sec per sec causes a bad lurch. Substituting 3 for 


C in Equation (17), and solving for Ls: 


on, he Tt Ve 
Changing to miles per hour, and substituting ee 100 
Tigh te Vo Che toe BD) oi iva hace wos, 9 Cah Saal 


On an unbanked curve, F = 0 and Equation (19) reduces to 
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On a banked curve, the part of the centrifugal force represented by H is 
balanced out by the gravity force due to the banking, and does not operate 
to tilt the vehicle with respect to a line normal to the axle; therefore, Equa- 
tion (20) holds good for both banked and unbanked curves. 

This formula gives the minimum length of spiral required for any com- 
bination of maximum safe speed, radius of curve, and superelevation. Upon 
applying the formula in practice, however, it develops that the length of spiral 
as computed is too short because of other considerations. If, for example, 
V = 60; EF = 0.10; and r = 1206; whereupon, F = 0.10, it is found that 
L = 94 ft. As shown subsequently, the minimum length of transition from 
an unbanked section to a banked section, when V = 60 and #H = 0.10, is 
240 ft, with a recommended length of twice that amount. In all cases, the 
spiral should have the same length as the superelevation transition in order 
to provide uniformly increasing curvature simultaneously with uniformly 
increasing superelevation ‘Therefore, Equation (20) may be discarded as 
superfluous. 

Superelevation Transitions—As a vehicle proceeds over a superelevation 
transition, it rotates about a longitudinal axis. This rotation, or angular 
velocity, or change per second of the rate of superelevation, may be expressed 


by Vs (ZF, — F;), in which V; is the rectilinear velocity, in feet per second; 


s 
FE, — HE, is the difference in rates of superelevation at the ends of the tran- 
sition; and Ls is the length of the transition, in feet. 

In the case where the superelevation increases uniformly from HF; to F,, 
the angular velocity jumps from zero to a certain value at the beginning 
of the transition, maintains this value throughout the length, Zs, and then 
drops back to zero at the end of the transition. This causes the vehicle to 
lurch at each end of the transition, because the change in angular velocity 
is very abrupt. 

The change per second of angular velocity, or angular acceleration, may be 


expressed by i. x = (H, — F,), in which Ly is the length of the vertical 


v s 
curve at each end of the straight-line transition. The length of this ver- 
tical curve, or “rounding”, may be as great as Ls, in which case there will be 
no tangent left, or it may be any length shorter than Ls. The writer has 


L 7 
used Ly = a , although he cannot prove that that proportion is the best. 


Dat a, L ‘ ' 
Substituting i for Ly, the expression for angular acceleration becomes, 
2 V’, (HE, — F,) 
Experiments made by the writer show that an angular acceleration greater 
than 0.06 per sec per sec per sec produces an uncomfortable lurch, but that 


a 


mht 


December, 1936 HAILE ON THE MODERN EXPRESS HIGHWAY 1651 


one-half that value, or, say, 0.027, is satisfactory. Substituting that value for 
the angular acceleration and solving for Ls: 


L, = Vs; 2 (Ey — By) wiateishe ace 2 
V SIGN ala had ka (21) 


which, changing to miles per hour, reduces to: 


[=A V2 A Ren er eC (22) 


If, for example, the maximum safe speed is 60 miles per hr and the 
change in superelevation is 0.10, the required length of transition is found 
to be 240 ft, with 120-ft vertical curves. At other maximum safe speeds, with 
the same difference in superelevation, the required lengths are in direct pro- 
portion. At a reversal of two sharp curves, if V = 60 and #. — FB, = 0.20, 
the length, Zs is found to be 340 ft. This is almost one-third less than the 
480-ft, which would be used if it were assumed that the length of transition 
should be proportional to the change in superelevation. This is an advantage 
in locations where the tangent distance is limited, which is probable where 
the curves are sharp enough to require the maximum allowable superelevation. 
On the other hand, if the tangent is not limited, and if the introduction of a 
lJonger transition is feasible, the writer suggests that double the values 
of Ls given by Equation (22) be used. When the transition is quite long, 
the rounding at its ends may be an unnecessary refinement, in which case a 
straight-line transition may be used. 

Grades.—Safety on icy pavements does not justify limiting grades to 5%, 
assuming there are no other considerations making such a limit desirable. 
The extra cost of grading or the disadvantages of the more tortuous alignment 
necessary to provide a 5% grade may far exceed the accumulated cost of 
spreading sand or cinders over the icy pavement from time to time during 
the winter months. 

If there is relatively little truck traffic, short lengths of 8% grade on tan- 
gent are not objectionable, but long grades should not exceed 7% on tangent, 
and should be compensated on curves. A gently rolling profile with very few, 
if any, tangents produces a more pleasing appearance than a series of tangents 
connected with comparatively short vertical curves. At summits, vertical 
curves should be flat enough to provide a sight distance equal to the distance 
required to stop a vehicle. If the design is a two-lane, two-way road, then 
passing would not be permitted on summits, but would be provided for at 
frequent intervals by sections of road allowing much longer sight distances 
on horizontal and vertical curves. 

The normal length of head-light beam will not be affected if vertical curves 
of the foregoing standard are used, because, especially on a black road, the 
lights are of little value more than 300 ft ahead of the ear, or, say, 400 ft 
with the brightest lights allowed by present regulations. At that distance, 
the edge of the road cannot be distinguished. An object, such as a cow, in the 
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middle of the road is not recognized as an obstacle until the car is within 
400 ft of it. 

Sight Distance—Tests conducted by the writer show that a wet bitumi- 
nous surface may have a coefficient of friction as low as 0.54, and that when 
traveling at high speeds, it is dangerous to apply the brakes hard enough to 
develop all the coefficient of friction, especially on a curve. Using 0.40 as a 
safe maximum, and allowing 1.5 sec for the average driver to re-act in an 
emergency, the formula for stopping distance (on level grade) becomes, 


3 = 0.0885. V2 45:9.2.Va i deus tod one cee 


Sight distances, both on vertical and on horizontal curves, should be not 
less than the stopping distance, as computed, using the safe maximum speed 
in Equation (23). 

Conclusion.—The writer endorses the remainder of the paper. Classifying 
accidents according to three types of contributing factors—faulty cars, roads, 
and drivers—only 5% of the accidents are found to be the result of faulty cars; 
about 20% result from faulty road construction, and the remaining three- 
fourths result from faulty drivers. It is true that there are often poor 
features of road design involved, but the drivers show bad judgment in not 
allowing for those poor features. In support of the foregoing, statistics show 
that, in any one year, about 75% of all drivers have no accidents, and that 
5% of all drivers have about 30% of the accidents. Several commercial 
firms, employing more than 1000 drivers, have succeeded in reducing their 
accident rate to one-fifth, by eliminating drivers who were frequent repeaters. 

A study of railroad grade-crossing accidents provides some insight into 
the actions of the average driver. In several million observations, about 10% 
of all drivers were classified as not exercising reasonable care in crossing 
tracks. When drivers survive an accident, they often claim that they never 
saw a train on that particular crossing before, and, further, claim they neither 
heard nor saw the train, although facts prove that it was impossible for a 
normal person not to have done so. Perhaps that is why many drivers over- 
take and pass cars at summits of hills, because they have never been caught 
by a car coming toward them on that particular hill: No wonder there are 
so many collisions on the highways if some persons drive “blind” and “deaf”, 
and if 10% do not exercise reasonable care in driving! 

The writer recommends that about 5% of drivers, the more prolific acci- 
dent-makers, be deprived of the privilege of using the highways. Then, with 
the improvement of highways by designing for a safe, reasonable speed, 
and the positive regulation of traffic to conform to that speed, the accident 
rate should be reduced to a point well below one-fifth the present rate. This 
can be done, as proved by Evanston, Ill., that cut its accident rate to only 
7% of its former rate within a few years. 

It is to be hoped that there soon will be a nation-wide standardization and 


enforcement of traffic rules and licensing of drivers, and a standardization of 
features of road design. 
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H. W. Girriy,” Assoc M. Am. Soc. C. E. (by letter).**—Some interesting 
questions as to the future of highway systems in the United States is raised 
in this paper. The subject deserves the attention of highway designers, 
administrators, and the general public. Before consideration of details of 
design three questions of a fundamental nature arise: (1) Is there a present 
need and demand for express highways as described in the paper? (2) Can 
they be operated safely? (3) Is there economic justification for them? Dis- 
cussion of some of the phases of the present highway situation may throw 
some light on the future. Highway safety is much in the public mind and 
certainly every one concerned with the administration and design of high- 
ways should give serious thought to it in contemplating the highways of the 
future. A favorite method of foretelling the future is to examine the past for 
trends and to project these trends forward. Trends have a way of continuing, 
but many of them decrease in pace and some, finally, come to an end. Each 
trend should be examined carefully for those factors responsible for its growth 
and the conditions favoring its continuance. 

One of the conspicuous trends of the past is the higher average speed of 
automobile operation. Four-wheel brakes, low centers of gravity, better tires, 
better metals in improved power plants, and straighter, wider, and better sur- 
faced highways have supported this trend. Will it continue and, if so, how 
far? Will it reach 100 miles per hr as an average, or for large numbers of 
vehicles, on the main roads? ‘To-day, occasional vehicles operate at that 
speed at a few places. Is this an indication of future average conditions? 
On the other hand, what tends to arrest this trend? 

Perhaps the increase in the accident rate which is now arousing the public 
will act as a damper. Can accidents be attributed to speed? Perhaps not 
altogether, but few will deny that speed is a contributing cause. Of ten 
accidents picked at random, how many would have been avoided by a reason- 
able reduction in speed? The effect of a reduction in speed is to give a 
greater margin of time and distance to avoid trouble. As most accidents 
occur within 2 or 3 sec, an extra second means much in deceleration or in 
steering clear of an object. Furthermore, the seriousness of many accidents 
is a function of the speed at contact. 

It is maintained by some that the combination of speed and bad driving, 
and not speed in itself, is the cause of accidents. Most drivers over-estimate 
their ability to drive safely at the higher speeds. The formation of situations 
likely to result in accidents is of very frequent occurrence. Often, consider- 
able skill is necessary to avoid contact. Should not good driving prevent 
the formation of such situations? One might define good driving as always 
having the vehicle under that degree of control which permits a sufficient 
margin of time and distance to take appropriate action to avoid contact. 
By this definition how many drivers would be classed as good? Even the best 
of drivers have lapses of inattention and absent-mindedness, and are saved 
from accident by fortunate circumstances. Any interested observer can 
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testify to the many instances of bad driving he has seen. How many 
drivers never drive faster than is warranted by the range of their lights? 
What is the proportion of good and bad driving on high-speed highways? 
Should not something be done about the bad driving before average speeds 
increase ? 

Perhaps in the future there will be some method of eliminating the bad 
drivers and educating the others into being good drivers. How fast, then, can 
a good driver drive? The manufacturer constantly is improving the “road- 
ability” of the automobile so that the individual can keep the vehicle on its 
course more easily. No one can foretell what the limit may be. Probably, 
however, there will always be a need of sudden stops as long as the operation 
of automobiles remains subject to the whims and judgment of individuals. 
As far as can be foretold now, the rate of deceleration of the vehicle must 
always depend on friction. The surfaces of roads, brakes, and tires may be 
improved in this respect, but it does not appear that any great improvement 
can be made in this direction. Certainly, the rate of vehicle deceleration can- 


not go beyond the possible rate of deceleration of the human body without — 


injury. 

With all the engineer can do to build safety into the road he cannot 
build good driving by individuals into it. That must always remain a matter 
of individual responsibility. Whether or not the engineer improves align- 
ment, widens pavement and shoulders, separates grades by bridges, separates 
opposing lines of traffic, and solves the problem of posting adequate and 
proper signs, there will always be individuals who will drive carelessly 
and too fast for the conditions. There are some hazards, furthermore, which 
the engineer cannot remove, such as fog, sleet, and blinding snowstorms. It 
lies within the ability of the highway designer to design reasonably safe 
roads for the use of prudent drivers. Is it possible or desirable to try to go 
beyond this ideal? Many modern roads have all the features of ‘safe design 
for reasonably prudent drivers, and yet the accident toll on them continues 
at an alarming rate. It seems that the removal of each hazard adds an 
increment of speed. 

From an economic standpoint the justification of the construction of 
express highways must rest on their capacity to carry a very large number 
of vehicles and to save for them something worth the cost of the highway. 
Either distance, time, annoyance, operating cost, or dangerous conditions 
must be decreased. Distance often can be reduced by re-alignment, but for 
the main lines of travel it is doubtful whether this reduction would amount 
to more than 5% were all the main roads rebuilt on new alignment. Saving 
in time would depend on the saving in distance, elimination of stops, and a 
higher rate of speeed. The operating cost of automobiles is a function of 
speed, the increase being very rapid beyond 40 miles per hr. Improvements 
in the vehicle of the future will undoubtedly effect greater savings in 
operating cost, but the relationship of increased cost for high speeds will 
probably hold. Hazard on the main roads is almost entirely a function of 
speed and of the volume of traffic. 


Main i) 
2 


December, 1936 _GIFFIN ON THE MODERN EXPRESS HIGHWAY 1655 


There is another economic aspect to the subject of express highways. There 
are now extensive systems of transportation by road, rail, water, and air in 
the United States. Each system is capable of producing a certain kind of 
service with the greatest advantage. Some overlapping of service is ineyi- 
table, and even essential, so that each system will render the best possible 
service in its field. The modern highway has already encroached upon the 
field formerly regarded as belonging to the railroad, forcing the railroad 
companies to re-adjust the service offered to the public. This development 
can be regarded as healthy as far as it has gone to-day and perhaps it can go 
still further without harm; but it seems probable that the principal railroads 
of the future will furnish a service not economically furnished by the high- 
ways. Is there need and economic justification of providing complete dupli- 
cation? Are there not many highways yet to be built before there is necessity 
for further rapid encroachment on the railroad field? The railroads are 
adjusting their service to provide safe and comfortable means of travel for 
long distance at high speed. For speeds beyond those which the railroads 
of the future will provide there are airplane systems. Is the highway, with its 
individualistic mode of operation, an ideal system for providing all kinds 
of transportation service ? 

As better highways are built, the older roads suffer by comparison in the 
public mind; but all roads not conforming to the highest standards of design 
should not be thought obsolete. Their useful life is not nearly ended because 
they must be an important part of the highway system for many years. Day 
after day many of them are providing a service commensurate with the needs, 
and producing a return commensurate with the investment in them. Of 
course, many others can be rebuilt economically and, when rebuilt, should be 
changed to provide better service; but there are many which, although they 
are not so efficient as new ones would be, cannot be re-designed for a long 
time. Nor are they generally regarded as dangerous, inasmuch as they are 
driven at slower and more economical speeds by those who have become accus- 
tomed to them. An examination of the accident records of these roads does 
not indicate that they should be discarded. 

There is one accident for approximately 200000 miles of driving. If one 
could witness 200 000 miles of driving by one person—or better, 50 miles by 
4000 persons—over average streets and roads, one would see a wide range 
of speeds, great difference in the skilful handling of motor vehicles, and all 
shades of driving between good and bad; and yet only one accident would 
occur involving injury to driver, passenger, or pedestrian; 3 999 out of 4000 
would come through a 50-mile trip safely. What is a reasonable conclusion 
to draw from this fact? . 

Although the automobile manufacturer has done a good job in production, 
both from an economic standpoint and from that of convenience and safety, 
modern automobiles are now equipped with power plants far beyond the needs 
or even desires of the average motorist. This excess power is seldom used; it 
is an economic waste and probably a contributing cause for much bad driv- 
ing. It has been said that excess power is very convenient in an emergency. 
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On the other hand, the mere possession of it often invites the creation of 
such an emergency. The lack of it would force a reduction in high speed 
and, by and large, would be far safer. It is emergencies of this nature which 
require exceptionally good driving by others on the road. Is the fact that 
the manufacturer is providing something not needed and not in the public 


on 


interest a valid reason for building roads to keep pace with it? If permitted, | 


the manufacturer of the future will probably be able to supply power plants 
capable of speeds of 200 or even 300 miles per hr. Imperfections of the 
mechanical machine are gradually being overcome; but the human machine 
is the limiting factor in the attainment of highway safety. 

The problem of the future highway, then, is related to the capacity of 
individuals to drive safely, to their economic needs, and to the standard 
of living of the motorist on which the cost of improvement must rest. There 
is much that is not clear, much that is unknown, and many questions to be 
answered before the specification for the future highway can be written. 
In the meantime, the highway engineer will continue to do what he can to 
interpret the immediate needs of the large majority of motorists, to build 


well in accordance with the funds provided, and to try to eliminate road — 


hazards which conceivably are contributing causes of accidents. What lies 
beyond must await future developments. 


T. T. Witey,“ Jun. Am. Soc. OC. E. (by letter).“*—In presenting this paper 
the author has afforded a timely opportunity for discussing some of the factors 
that affect the design of the modern highway. The design of many highways 
and highway structures under construction to-day is scarcely adequate for 
safe driving at modern-vehicle road speeds and, if the present progress in 
motor-vehicle design is continued, the roads being built to-day will be obsolete 
almost before they are completed. A discussion of superelevation and curves 
seems especially pertinent, because these are features of design that have a 
direct bearing on safety and that have not been given the attention and study 
that they deserve. 

It is true that Equation (1) yields rates of superelevation that are higher 
than required for safe and comfortable riding. However, the practice of using 
a speed lower than the design speed in this equation is not satisfactory. A 
more scientific attack on this problem can be made by considering the forces 
that prevent side-slip outward when the speed of travel is such that the 
resultant of the mass of the vehicle and centrifugal force is not normal to 
the pavement. When these frictional forces are considered, Equation (1) 
becomes, 


in which f is the average coefficient of friction developed between the tires 
and the pavement in order to prevent side-slip. 
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Values of f varying from 0.15 to 0.20 have been used, but investigations 
have indicated that they are too high for comfortable riding and safe driving. 
The writer conducted a brief series of tests to determine the safe speed on 
curves, using Equation (24) and the definition that the safe speed was “the 
minimum speed at which the driver or passenger feels a side pitch outward.” 
Two cars with a driver and one or two passengers were used for this investi- 
gation. One car was equipped with knee action and the other with transverse 
springs. 

Test runs were made in both directions on seventeen curves, and the speeds 
at which side pitch became noticeable were determined Additional runs were 
made at speeds calculated from values of f = 0.15 and f = 0.10. Table 3 
gives the curve data, test speeds, and values of f. 


TABLE 3.—Tzssts to Determine Sare Sprep on Curves 


o a a VELOCITY, > a 7 VELOCITY, 
3 s 3 V, In MILes & 2 8 V, In MILes 
g A a) PER Hour mi Ay | 2 PER Hour 
_ } Bote} oat 5 ES 
ate ec # piles 3 
8 ‘ee | ‘38 | » | s 8 ‘ae Se ts rte 
ou 8 ~ be B 20 ; o : ry 2 iy eo z i 
Ss 52/8 & ga x I s 88 £8 2 oe - 
eee ep o eee rl oo [eg 2) BST ay eg ty SAiglaeth 
ec 55 3 ma ~ bod > © Ee 3 Pee Gl) VCS, ae 
E] 8 Ba | 3.8 $n 5 § E 3 BA | 9.8 on 5 6 
6) A nN 0) te) fy ia 16) QA oa) n 16) oa fy 
1 1] 0.05 35 0.11 39 34 9 3 0.058 60 0.07 77 67 
2 17 0.062 30 0.12 33 28 10 5 0.092 50 0.06 64 57 
3 11 0.075 30 0.04 42 37 5.5 | 0.067 45 0.06 59 51 
4 10 0.046 30 0.06 41 35 12 4 0.042 50 0.08 64 55 
5 6 0.025 35 0.06 50 42 13 | 24 0.083 25 0.10 29 25 
6 0.017 35 0.07 53 45 14 5.5 | 0.083 45 0.05 60 53 
7 9 0.042 33 0.07 41 37 15 5.5 | 0.083 45 0.05 60 53 
8 3 0.000 50 0.09 65 53 16 | 13 0.054 30 0.06 36 32 
Visi be 0.062 30 0.07 39 34 


The following conclusions were obtained as the unanimous opinion of all 
persons who participated in the tests: 


(1) The speeds at which side pitch first becomes noticeable are slower than 
necessary for comfort or safety; 

(2) The speeds which require a friction coefficient of 0.15 create very 
definite side pitches of such magnitude as to be uncomfortable, require undue 
effort in steering, and often border on being dangerous, particularly when 
meeting traffic; and, 

(3) The speeds which develop a friction coefficient of 0.10 create definite 
side pitches that are reasonably comfortable, require appreciable but not 
excessive steering effort, are not dangerous, and are fast and reasonable 
speeds in every case. 

In the author’s example for determining the minimum radius by using 
Equation (1), the design speed was 100 miles per hr and the rate of super- 
elevation was 1 in. per ft of width. Then, the assumption was made ‘that it 
would be satisfactory to design for 60 miles per hr and the minimum radius 
was calculated as 2900 ft. The danger in making such an assumption is 
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shown by taking the same example and solving for the radius, using the true 
design speed of 100 miles per hr and Equation (24) in which f is taken as 0.1. 
From this formula, the calculated minimum radius becomes 3700 ft. The 
difference between this radius and the one obtained by using the methods now 
in common use certainly indicates the need for more scientific design of 
curves, particularly for high speeds. 


Table 3 shows a considerable range in the values of f for speeds which 


first create side-pitch. There are several reasons for this, one of which is 
the personal element which existed in noting side-pitch. However, certain 
physical characteristics of the curves also cause these differences. Such items 
as grade, length of run-off, and roughness of the pavement, undoubtedly 
affect the results of such tests and indicate that these items must be consid- 
ered in design. This leads directly to the author’s discussion of the transition 
between normal crown and superelevation, and his statement that “it is 
doubtful whether spiral curves will be necessary.” 

If the design is “to be such that the vehicle may enter and leave the curve 
smoothly—almost automatically”, the spiral will be necessary on all super- 


elevated curves. Although engineers know that the spiral provides a uni- 


form rate of change in degree of curve, many of them fail to realize that its 
principal advantage is that it also provides a uniform rate of change in the 
superelevation so that the superelevation at any point on the spiral or curve 
is in exact agreement with the degree of curve at that point. 

There is no need for presenting the theory of the spiral because several 
useful spirals have been developed. However, railroad engineers have learned 
considerable about curves and spirals, and their knowledge can, and should, 
be applied to highway design; for example, they have found that supereleva- 
tion cannot be introduced across the track gage at a rate greater than 14 in. 
per sec without creating an uncomfortable riding condition. Therefore, 
superelevation on a highway should not be introduced at a rate exceeding 


0.02 ft per ft per sec, and the length of spiral on a curve with a superelevation © 


of 1 in. per ft should approximate the distance traveled in 4 sec at the design 
speed. On this basis, curves designed for a speed of 100 miles per hr, with 
superelevation of 1 in. per ft, should have a spiral approximately 600 ft long. 

Highway engineers are loath to accept the spiral as a necessary feature of 
design, partly because they do not realize the ease with which it can be ecal- 
culated and applied. The writer was taught a type of spiral which requires 
about 10 min of calculation in preparing the field notes and a negligible 
amount of excess time in staking out the spiral and curve. Resort to tables 
is unnecessary. 

The author states that “failure to attribute accidents to faulty road design 
is due to several causes principal of which is the subtlety of the problem.” 


os 


This is probably true especially with respect to accidents at curves, which 


too often are listed as being caused by driving too fast for conditions. 
An automobile entering a curve is subjected to new forces and, at modern 


fast speeds, these forces often change in magnitude and direction very rapidly. 
Superelevation for curves is usually introduced on the tangent over a dis- 


ne 
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tance termed the “run-off.” A vehicle traveling over the run-off is subjected 
to a lateral force which must be overcome by turning the steering wheel in a 
direction opposite to that of the curve. Otherwise, the vehicle will move 
toward the inside of the curve, thus crowding the center line or pavement 
edge with occasional disastrous results. 

The instant the car enters the curve, forces acting on the car change 
instantaneously, requiring a very rapid and usually complete reversal in the 
direction of steering. The changes may be so great that the steering wheel 
cannot be turned rapidly enough and the car is thrown partly or wholly out of 
control and an accident results. The subtlety of the problem now enters, for 
the accident report states “driving too fast for conditions.” Is the mistake 
in the driving or in the conditions?) The common assumption is that it is the 
driving. Engineers familiar with the spiral will claim that the conditions are 
at fault. There is absolutely no reason why the driver should have to attempt 
to overcome the sudden change in forces because a properly designed curve 
will be spiraled and a sudden change of any appreciable magnitude in the 
forces which must be overcome by steering will never occur. 

The writer has expressed the opinion that Equation (24) gives satisfactory 
results in computing curve requirements. This formula was not advocated 
because it is better than Equation (1), but because it is better than Equa- 
tion (1) as ordinarily used. In other words, Equation (24) is a logical way 
to take into consideration the degree of overbalancing that can be tolerated 
in rounding a curve, whereas the attempt to do this by substituting a speed 
less than the design speed in Equation (1) is not based upon scientific analysis 
and is often unsatisfactory. Equation (24) should afford a desirable “mini- 
mum standard”, but if highways are to be designed for the greatest safety, 
why not adopt the best available, which is Equation (1) using the true design 
speed rather than a guess at a “safe” speed? Similarly, spiraled curves are 
certain to be safer than non-spiraled ones. Use the spiral. 

Incidentally, this contention is applicable to many other design standards. 
Too often a “minimum standard” becomes “the” standard, so that, in many 
instances, standard curves of 1500-ft radius have been built where flatter 
curves would have been just as economical and certainly more desirable. The 
highway engineer must remember that a minimum standard is the worst that 
he is permitted to use, and that good design requires the use of something 
better than the minimum allowable if it is reasonably practical. To use mini- 
mum standards when better can be obtained is usually “penny wise and 
accident foolish.” 

The writer cannot agree with the author’s general contention that signs 
constitute a hazard. Wooden posts, 4 in. square, furnish excellent mounting 
for signs and, if struck by a car moving at a fair rate of speed, they snap 
off without causing appreciable damage to the car. The types of signs now in 
use would be useless because of lack of visibility, if suspended from over- 
head cables. Flexible standards of sufficient rigidity to furnish adequate 
support for standard signs subjected to wind pressure, vandalism, and other 
buffetings would be just as dangerous as wooden posts. 
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A properly designed modern highway should require few signs. If the 
design speed is to be placed at a limit, such as 100 miles per hr, the “standard” 
signs now advocated will be wofully inadequate. 

The author is to be commended for emphasizing the fact that the highways 
being built to-day are scarcely abreast of the car of to-day, not to mention 
the car of the future. The highway engineer must exercise his imagination to 
visualize the conditions that will exist in the years to come, and base his 
work upon the conviction that the best design is scarcely good enough. 
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DISCUSSIONS 


SIMPLIFIED METHOD OF DETERMINING TRUE 
BEARINGS OF A LINE 


Discussion 


By Messrs. O. H. CHILTON, CHALMERS C. SCHRONTZ, FRANK M. 
JOHNSON, WALTER H. STARKWEATHER, AND C. I. DAy. 


O. H. Cuitton,” Esq. (by letter).’"—Many engineers, to whom the intri- 
eacies of field astronomy are a mystery, will welcome this paper and the 
simplification of the work of finding the azimuth of a line which: it enables. 
For the very reason that it is addressed to those who are not fully acquainted 
with the subject, it seems all the more desirable to draw attention to some 
points which, as they stand at present, are likely to cause confusion. 

Consideration of the formulas of the paper shows that the exact time 
of observation does not enter into the computations. The only purpose for 
which the time is observed is that of obtaining the correct declination of the 
sun from the ephemeris. 

The limitations of Table 1 in its present form with somewhat wide 
intervals of 1°, will result in no great accuracy in the azimuth obtained. 
The author suggests a probable error of 1’.. Accepting some such degree 
of accuracy, it can be easily shown that even at the more unfavorable 
seasons of the year, when the sun’s declination is changing most rapidly, 


‘if the ‘time of observation is known to the nearest 10 min, the present pur- 


pose will be adequately served. Thus, it would be quite sufficient for the 
observer to look at his watch at the beginning and at the end :of the observa- 
tions, and to take the mean of the times, or even to record merely one time, 
to the nearest minute, when: reversing the instrument between pointings 
at the sun. The recording and averaging of times to the nearest 5 sec in 
Table 2 is not necessary and is misleading. 

In the instructions for the field work there should be a clear statement 
that observations for azimuth should not be made on the sun except when 
it is favorably situated in the heavens. It can be shown that the effects, 


Notr.—The paper by Philip L. Inch, Assoc. M. Am. Soc. C. H., was published in 
September, 1936, Proceedings. Discussion on the paper has appeared in Proceedings, as 
follows: November, 1936, by Messrs. Earl F. Church, Paul E. Wylie, James B. Goodwin, 
C. H. Swick, Philip Kissam, and George D. Whitmore. 


2 Asst., Dept. of Civ. Eng., Imperial Coll. of Science and Technology, London Univ., 


London, England. 
192 Received by the Secretary, October 20, 1936. 
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on the azimuth obtained, of errors in the assumed values of the latitude and 
the declination, are least when the sun is on the prime vertical—that is, due 
east and west. However, for the present purpose, it would suffice to limit 
observations to those periods when the sun is more than 8 hr off the meridian, 
that is, to mornings before 9:00 A. M., and afternoons after 3:00 P. M.— 
always having regard to the possible incidence of summer (daylight sav- 
ing) time and any large variation between the local civil time and the true 
sun time at the place of observation. 

The engineer will require some indication of the accuracy requisite in the 
value of the latitude of the place of observation, which he is instructed 
to obtain from “an accurate map.” A map may be accurate, but the scale 
may be too small for some purposes. By differentiation of the fundamental 
equation relating the azimuth to the observed and assumed quantities it can 
be shown that: 


5B gt male helt COULS  e o ee (8) 


in which Z = azimuth; c = 90° — ¢; and ¢ = hour angle. 

Assuming that azimuth observations will be made by this method only 
when the sun is more than 8 hr off the meridian, and that the paper is 
addressed to engineers working in the United States between limits of lati- 
tude of, say, 49° and 30° N, it can easily be computed that for 8Z = 60”, 
8c has a mean value of about 45”. There will be other sources of error in 
the computation, although possibly operating to balance each other. How- 
ever, allowing, say, one-third of the error to this source (say, 15” in the 
latitude, which is about 1500 ft on the ground) a map of not less than 0.5 in. 
to 1 mile is indicated. 

It is unfortunate that the author has chosen an example solved as long 
ago as 1910, and has included in the text a statement which was true for that 
year, and indeed until 1924. The American Ephemeris, in common with 
the ephemerides of other countries such as the British “Nautical Almanac”, 
now gives the elements of the sun’s position, such as the declination, for 
each day “for 0 hours Greenwich Civil Time which is 12 hours before Green- 
wich Mean Noon of same date.” A mean hourly variation of declination is 
no longer tabulated, but finite differences between each of the daily values 
are given. As it stands at present the text would cause much confusion 
to an engineer, uninstructed in these matters, who was attempting to apply 
the method. 

With regard to a possible extension of Table 1 the proposed range of 
values of the vertical angle and of the latitude, is not stated. In Table 1 
as printed”’, an altitude as low as 21° is given. This might be open to ques- 
tion on account of the magnitude of the refraction correction involved. A 


lower limit of 25° is suggested. If it is intended to compute the table for’ 


latitudes north of the United States, the unsuitability of the method to very 
high latitudes will doubtless be borne in mind. 


> Correction for Transactions: In Table 1, Column (20), for h = 82° (A), change 
42.1 to 42.7. 


ned 
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Until the limits of latitude for which the table is to be computed are 
known, it is not possible to comment finally on its form, but even for the 
part of the table printed, there is doubt as to its suitability. The writer 
has compared the methods of computation of the worked example, and the 
azimuth so obtained appears to differ by 45” from that given by Table 1. 
Taking the author’s standard of accuracy, “a probable error of 1’ » a dis- 
crepancy of 45” arising solely from the method of interpolation from the 
table is too great to be acceptable when there are other sources of error all 
operating to effect the final accuracy of the determination, such as errors 
in the assumed latitude of the place, sun’s declination, and the observed 
angles. 

Examination of the part of the table available shows that the method of 
linear interpolation by first differences becomes still more inadequate as the 
values of altitude and latitude increase. The worked example is taken from 
the most favorable part of the table. As it stands it could, of course, be 
made to serve its purpose if interpolation by second differences is resorted 
to; but that is scarcely likely to appeal to the engineer in the field, and 
indeed a direct computation by formula adapted to logarithmic working 
would be almost as rapid. If the form of the table is to be retained with 
interpolation direct by first differences, then it does appear that the intervals 
of 1° in both altitude and latitude may have to be broken down to 30’, or 
perhaps 20’, for the higher values. 


CHALMERS OC. Scurontz,* M. Am. Soc. C. E. (by letter).“"—Equation (1) 
of this paper can be solved mechanically by the solar compass or by a solar 
attachment to the transit when the apparent altitude and declination of 
the sun are employed instead of their true values, as used in the method by 
direct observation. There are no means by which the correction for direct 
refraction in altitude can be made in the use of the solar attachment. A com- 
pensating correction must be made which can be applied to the declination 
are of the solar attachment. 

The declination correction is applied to an angle normal to the plane of the 
equator, whereas the direct refraction is applied to an angle normal to 
the horizon at the place of observation. Consequently, the declination cor- 
rection for refraction is an increment of an angle in a system of polar co-ordi- 
nates corresponding to an increment of an angle in another system of polar 
co-ordinates, the two systems of which are coincident in the vertical plane 
passing through the pole of one, and the zenith of the other system at the place 
of observation. Therefore, the refraction correction for declination is mathe- 
matically comparable with the direct refraction for altitude. 

This relation of polar co-ordinates has made it possible to solve this prob- 
lem mechanically by the use of the solar attachment and the same solution 
may be made mathematically from a direct observation of the sun. 

The table for corrections to be applied to the true declination in order to 
determine the apparent declination of the sun for the hour and latitude of the 


18 Associate Bngr., U. 8S. Fng. Dept., Jacksonville, Mla, 
13a Received by the Secretary October 22, 1936. 
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place always accompanies the solar ephemeris. In either case, whether 
the solution of the spherical triangle is to be made from the true or from the 
apparent altitude of the sun, the declination as given in the ephemeris for 
noon at Greenwich must be corrected for the hourly change from Green- 
wich noon to the time of observation. The apparent declination is then 
obtained by the addition or subtraction of the refraction correction for 
declination corresponding to the time and latitude of the place of observation. 
When the apparent declination is used, these two corrections for hourly 
change and refraction are the only ones required, no correction being neces- 
sary for the observed altitude of the sun. 

In the writer’s experience this problem can be solved most satisfactorily 
by the use of a table of logarithmic and natural trigonometric functions, 
together with a solar ephemeris (furnished gratis by the instrument manufac- 
turers), and a map from which the longitude and latitude of the place can 
be determined. In the tables of logarithmic functions the cosines and tangents 
of the latitudes occur on the same page and on the same line and also the same 
functions, for the vertical angles, which greatly facilitates the selection of the 
values of functions. Examples of the solution of the formula based upon 
the true and apparent altitude and declination follow. 

Example 2.—Solution based upon apparent altitude and declination of 
the sun: 


. 


Date: April 30, 1936. 

Place: Latitude, 40° North; longitude, 105° West. 

Declination sun, Greenwich, noon, N 14° 48.3’. 

Hourly change, + 0.76’ (declination increasing). 

Time of observation: 9:00 A. M. (local mean time). 

Altitude of sun’s center, 48° 31’ 30”. (No correction to be applied to 
observed altitude.) 


Apparent declination of sun at time of observation: 


Longitude, 105° West, at 15° per hr is 7 hr from Greenwich, noon, to 
place of observation, noon. 

Time of observation, 9:00 A. M., is 3 hr before noon at place of 
observation. 


.. Time of observation is 7 — 3 = 4 hr after noon at Greenwich. 


Declination, Greenwich, noon............ N. 14° 48’ 18” 
Hourly change, 4X. 0.76 oc0<i% é awe seven clots Gee Bien Rie 
Declination at time of observation....... ‘ 14° 51’ 20” 
Refraction for third hour (from noon), : 
latitude: 407. NE-4 sidu-veathisus evebte Soe mae eee OG mee ale 
Apparent declination for time and place... 14° 52’ 00” 
Solution: | 


¢ = 40° h = 48° 31’ 80”; and, 8 = + 14° 52’ 00” 


OR ety ee 


; 
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Logarithms: 
cos m.......... 9.884954 
9.860382 
loge tins .. 9.744636 


CG AOR see Vimeisvals 


. 10.255364 


BIN MO scree saersete 1 9,409207 
Oghs wystroneson.o 9.604571 


9.923713 


tan ¢.... 
aT a ee 9.977630 
FLOP ese. aston Soe e 9, 0014435 


Natural functions (corresponding to foregoing logarithms) : 
(—) 0.796971 


(+) 0.461924 
(—) 0.796971» 
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cos Z = (—) 0.835047; and, Z = 70° 96” 49” 
Example 3.—Computation based upon true altitude and declination of the 
sun: 
Observed altitude, sun’s center.............- 43° 31’ 30” 
Correction for refraction and earth’s parallax, 
LORE te eevee Its RaaED Mate dts adielathy tite 39 — 0° 0° 54” 
True altitude .......... 43° 80’ 26” 
Sun’s true declination ier ‘ine sae observation 
(as in Example 2).. 14° 51’ 20” 
Solution: ; 
@ = 40°; h = 48° 30’ 26%; and, & = 14° 51’ 20° 
Logarithms: : 
COSKP Asti. o: 9.884254 tan @¢... 9.923813 
COS h.......+.- 9.860510 tan h.......... 9.977360 
Ogi is ees ccw een 9.744764 lomiaai bin toa esoeOl ke 
Oo-log......:..... 10.255236 
S GUT Ont tot 9.408890 
lOGiswen on ere a vor) 9.064126 


Natural functions (corresponding to foregoing logarithms) : 


(+) 0.461451 
(—) 0.796475 
cos Z = (—) 0.885024; and, Z = 70° 25’ 35” 


The difference in the two results, of 14” of arc, is deemed negligible in 
view of the interpolation of the values in the tables of functions for seconds 
of are and the tabulated difference in refraction for the two systems of polar 


co-ordinates. 


1666 SCHRONTZ ON TRUE BEARINGS OF A LINE Discussions 


The signs of the declination (+ for north and — for south) become impor- 
tant when the direction of the sun is close to the east or west point from 
the point of observation. If the result, cos Z, is +, the direction of the sun 
is to be referred to the north point, and when it is —, as in this case, the 
direction is to be referred to the south point. 

It is to be noted that the cos ¢, tan ¢, and sin 8 can be taken as constants 
for several observations taken within 15 or 20 min without appreciable error 
in the results. This provides ample time to make several observations in 
which only the altitude and azimuth of the sun will change materially. The 
arrangement of the solution lends itself to several computations simply by 
supplying the changed values of cos h and tan h. Consequently, the solution 
is thus expedited. 

Field Operations.—The travel of the sun’s disk when viewed through the 
telescope of the solar attachment is parallel with the-two horizontal cross-hairs 
and when the sun’s disk is brought between these parallel cross-hairs by the 
lower tangent screw of the transit, the transit telescope points to the true 
north or south, provided, of course, that the proper latitude and apparent 
declination have been used. In this position it will be some time before the 
sun’s disk can be detected to move above or below the horizontal cross-hairs 
of the solar telescope, which is due only to the sun’s change in declination. 
This allows plenty of time to make a precise setting of the cross-hairs of the 
solar telescope on the limbs of the sun, and, hence, a precise pointing of 
the transit telescope on the true meridian. When the proper declination is 
once set off for the time and latitude of the place, one single observation 
is sufficient to determine the meridian. 

In a direct solar observation the sun does not travel parallel with either 
the horizontal or the vertical cross-hairs of the telescope, but in a diagonal 
direction across the field of vision. In the usual method of pointing the tele- 
scope for forenoon observations, the vertical and horizontal cross-hairs are 
brought simultaneously in contact with the right and upper limbs of the sun, 
recording the vertical and azimuth angles; then reversing the telescope and 
setting the cross-hairs in contact with the left and lower limbs of the sun 
and recording the vertical and azimuth angles. For afternoon observations, the 
lower and right, and upper and left, limbs are observed and recorded in 
the same way. The means of the vertical and azimuth angles for each pair 
of observations are taken as the apparent altitude and true azimuth of the 
sun’s center for the mean time of the two observations. 

It is evident that such observations cannot be made with the ease and pre- 
cision attained in the setting with the solar attachment. The results obtained 
in a direct observation are never so uniform, satisfactory, or trustworthy as 
those obtained with the solar attachment, unless in the case of two or more 
direct solar observations. One single determination from direct observation is 
searcely trustworthy. 

The results of a direct observation are easier, quicker, more uniform, and 
more satisfactory when the observation is made upon the center and tangent 
to the lower limb of the sun by bisecting, with the vertical cross-hair, a small 


A 
as 


epeten tower 
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segment of the sun just before contact of the horizontal cross-hair with the 
lower limb of the sun. To the vertical angle thus obtained the sun’s mean 
semi-diameter is added, 16’ of arc, to obtain the altitude of the sun’s center. 
The greatest variation of the sun’s mean semi-diameter is 18” of arc, and may 
be neglected unless greater precision is required. The horizontal angle is the 
azimuth of the sun, and no correction to it is necessary. Five observations 
are usually taken alternatively in direct and reverse positions of the transit. 
Each observation is treated independently. At least two observations are used 
to determine the azimuth. When these agree within less than 1’ of are the 
mean of the two results is accepted. If not, one or more of the remaining 
observations are used for azimuth determinations. Seldom more than two 
or three determinations are necessary to obtain the desired result. The 
apparent declination is determined for the mean time of all the observations 
and is used as a constant for all the observations, so that for each independent 
determination of azimuth of the sun there are three constant values that must 
be taken once only from the tables of trigonometric functions, namely, cos ¢, 
tan @¢, and sin 6. 

In this procedure one erratic result occasionally may be obtained in the 
azimuth determination which will evidence an error either in the solution or 
in the observation and may be corrected or discarded. The error thus dis- 
covered is confined to one single observation, whereas in the use of the 
mean of two observations, the error is reduced one-half and usually is not 
discoverable. 

By the use of these expedients and the arrangement for the solution of 
the formula for azimuth, a set of observationes and computations may be 
made in the field with little delay, and the only tables required are the regular 
trigonometric tables which are familiar to all engineers and surveyors. Addi- 
tional tables seem scarcely necessary and do not materially simplify the 
solution of the formula for azimuth. 

The factor, A, is the natural number corresponding to the co-logarithm 
of cos ¢ cos h; or if natural functions are used, it is the reciprocal of cos 
cos h in which, for either case, the correction for refraction and parallax has 
been applied to h. 

The factor B, is the natural number corresponding to tan ¢ tan h, also in 
which the correction for refraction and parallax has been applied to h; but if. 
the apparent altitude of the sun is used there is no correction to be applied 
+o h and all the correction for refraction and parallax is applied only once to 
one value of the declination, which may be used for several azimuth determi- 
nations, provided not more than 10 to 20 min are consumed in making the 
observations. 

It is not the writer’s purpose to criticize or to discourage any such worthy 
purpose or effort to simplify the solution of the azimuth formula. It is only 
to call attention to the fact that the apparent altitude of the sun may be used 
in solving the azimuth formula, and by so doing the refraction correction 
is referred and applied to the declination, once and for all, for a single set 
of several observations, and that the solution of the formula is made easily 
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and quickly by a simple arrangement and use of a logarithmic function already 
familiar to the engineer and the surveyor. 

The writer is unaware of the use of the apparent altitude and declination 
having been suggested heretofore, or used, in the determination of the true 
meridian by direct solar observation. It has only been suggested to him by 
the fact that in the use of a solar transit the solution of this formula is accom- 
plished mechanically. It would seem that the mathematical solution has been 
overlooked. 

It has always been somewhat of a mystery why the solar attachment has 
not come into more general use. The attitude seems to be that its use is 
derogatory to the dignity of the engineer, or an admission of a lack of scien- 
tific technique and ability, and that the transit and its use is the acme of 
perfection. Except for those who are continuously employed in public land 
surveys, the expense of the solar attachment seems a burden. Its occasional 
use does not justify the expense. Many are not fully convinced of its accuracy 
and dependability. Its adjustments are thought to be difficult and can be made 
satisfactorily only by the instrument makers. Furthermore, it adds weight 
and makes the transit unbalanced, or otherwise interferes with the routine 
work of the transit. All these objections are largely imaginary, and a very 
little experience in its use will dissipate such objections. 


Frank M. Jounson,“ M. Am. Soc. C. E. (by letter).“*—The method pro- 
posed in this paper has been studied carefully to ascertain whether it does, 
in fact, afford a saving in the number of steps ordinarily required in the use 
of trigonometric tables. The saving, if any, is not as great as it is made to 
appear by the author. 

It seems better to state frankly that there are no so-called “short-cuts” in 
making direct observations on the sun for azimuth, or in the reduction of 
steps by the trigonometric process, if reliable results are to be secured. By 
“reliable” is meant the ascertainment of results that can be verified within the 
limits of the accuracy of the instrument used for the observation; this should 
be less than 1’, and with care may be kept within 15”. Observations and 
results should be such as may be verified by others if occasion arises, thus 
rem ving elements of doubt or approximation. 

This paper is not a satisfactory substitute for the explanations on the 
subject which may be found in textbooks on surveying, and several official 
publications. It is unfortunate to create the impression that the textbook 
treatment of the subject has been made difficult; the method has been brought 
into general use, and the number of examples offered are designed to clear all 
questions of doubt if the engineer will make a fair attempt to grasp the sev- 
eral steps and make a few practice observations, 

The use of the tabulations in the paper does not dispense with the need 
for tables of natural sines and cosines, and it is not believed that their use 
materially lessens the time required to resolve the formula in the usual way. 


“U.S. Superv. of Surveys, Dept. of the Interior, Denver, Colo. 
4a Received by the Secretary October 23, 1936. 
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On the other hand, it is felt that the method adds materially to the uncer- 
tainties of the results in case of one or more errors in making the observa- 
tions, or other discrepancies. 


TABLE 4.—First anp Seconp Dirrerences ror Factors A anp B, Tasue 1 


; Facror A | Factor B 
1b wile ee 
angle, h, in First Second |. First Second 
egrees Factor* difference, difference, { Factort difference, difference, 
1 2 Ai As 
@)) : (2) (3) (4) (5) (6) (7) 
21 1.34085 0.28866 
927 1 522 
22 1.35012 53 0.30388 22 
980 1 544 
23 1.35992 56 0.31932 21 
1 036 1 565 
24 1.37028 : 58 0.33497 25 
1 O94 1 590 
25 1.38122 61 0.35087 25 
1 155 1 615 
26 1.39277 63 0.36702 30 
1 218 1 645 
27 1.40495 64 0.38347 28 
1 282 1 673 
28 1,41777 67 0.40020 31 
1 349 1 704 
29 1.438126 72 0.41724 33 
1 421 1 737 
30 44547 73 0.43461 35 
; 1 494 1 772 
3l 1.46041 0.45233 


* Values of Factor A from Column (3), Table 1. + Values of Factor B from Column (3), Table 1. 


TABLE 5.—First aAnp Seconp DirFeRENCcES For Factors A snp B, Taste 1 


Factor A Factor B 
Latitude, Nee an 
¢, in _ First Second © _ First Second 
degrees Pactor® aad gk Sten Factort pr gine ce, Seale he ce, 
(1) (2) (3) (4) (5) (6) (7) 
37 1.52811 0.52723 
2 060 1 941 
38 1.54871 105 0.54664 52 
2 165 1 993 
39 1.57036 111 0.56657 58 
2 276 2 051 
40 1.59312 116 0.58708 62 
2 392 ‘ 2 113 
41 1.61704 125 0.60821 63 
2 517 2 176 
42 1.64221 0.62997 
* Values of Factor A for a vertical angle, h =35°, in Table 1. + Values of Factor B for a vertical 


angle, h =35°, in Table 1. 

On examination, it is believed that the interval of Table 1’ is altogether 
too great, as demonstrated by Tables 4 and 5. Assuming that all these values 
have been carefully verified and are available as indicated, with an interval 
of 1° in latitude and 1° in vertical angle, it will be noted that a considerable 
number of pages similar to Table 4 will be required in order to provide for 
latitudes ranging from about 25 to 65°, and similar to Table 5 for vertical 
angles ranging from about 15 to 60 degrees. The third variable, that of the 


140 Correction for Transactions: In Column (3) Table 1, change Factor A, for h == 25° 
to “1.38122” instead of ‘1.38127”. 


1670 STARKWEATHER ON TRUE BEARINGS OF A LINE Discussions 


sun’s declination, as well as the final result in azimuth angle are provided 
for by the use of tables of natural sines and cosines. 

The method of direct observation on the sun for azimuth is regarded in 
high favor by engineers, and has been used extensively for many years. Reli- 
ance upon compass meridians for all classes of public land surveys was dis- 
continued in 1890. Federal surveying and mapping agencies have stressed 
the importance of exact methods so long that it seems out of place to suggest 
a practice that has the value of an approximation only. 

An obvious improvement for the tabulation of values of Factors A and B, 
if the method is to be favored, is to make the intervals of the latitude and 
vertical angles not greater than 0° 10’, but this extends the tables to such a 
length that it is doubtful whether it would be worth while to go to that much 
trouble. The tabular differences will increase more rapidly in the higher 
latitudes, and as the vertical angles become greater, the results then become 
correspondingly more uncertain. 

The example given by the author does not derive the value to the nearest 
even 1’, as the bearing of the line by trigonometric reduction i S1° 00’ 02” W 
(not S 1° 00’ 48” W, as ascertained by the use of the factors, A and B). 

The trigonometric steps are not many, as will be seen from the following: 


Observed vertical angle........c..see a ED. 2D o0F 
RGEVACHION dae fee at oa ots Fe outs chimes asa — 0° 2 00” 
Parallaxwaes te utcdevk ke eats aos + 0° 0° 08” 
ruesyertical angle. ct so «ate cemeleciee 25° 237 387 
Latitudes ee ee ee Bee 88° 53’ 40” 
Sun sedechination.. south... strc. cet tee 1X02 6% 


log sin d.... 8.257958 
log cos g...... 9.891149 

log cos h...... 9.955871 9.847020 

F log .... 8.410938 

(Sun, south declination) nat (—) 0.02576 
(—) log tan ¢...... 9.906733 
log tanh...... 9.676423 


log Or. oth ota Sake 


nate(—)...c. can 0.388296 0.38296 
Sun’s azimuth, nat coS8, Z...s...c. omen es 0.40879 
evecheaxine. Of. sn gaya wi sin eee S 65° 52’ 382"W 
Angle from sun to flag...............- 64° 52’ 30” 
Bearingyrol ncn... iastcean este eos S 1° 00’ 02” W 


Water H. Srarkweatuer,” M. Am. Soc. OC. E. (by letter).%—As arranged 
by Mr. Inch, with double increments for 1’ of altitude and 1’ of latitude, 
Table 1 is quite ingenious and should prove welcome to field engineers who 


SSS 
1% Technical Asst. to Chf. Civ. Engr., U. S. Coast Guard Hdars., Washington, D. ¢C 
16a Received by the Secretary, November 9, 1936. 1. ne 
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have occasion to determine azimuths of lines, since it shortens the necessary 
computation considerably. One operation igs also eliminated completely by 
having the factors in the table corrected for refraction in altitude. 

There are several points which might prove to be confusing, however, to 
any one who had not used this formula or one evolved from it. For many 
years Equation (1) and formulas evolved from it have been used by field engi- 
neers and in the technical press with all the variables represented by letters of 
the English alphabet; but in most textbooks and handbooks, with a few excep- 
tions, Greek letters have been used for some of the variables. The formula 
appears less formidable if stated as follows: 

sin d 


cos ee T tan h tan DL (9) 


in which Z = the angle between the sun and the local meridian; d = the true 
declination of the sun; h = the altitude of the sun corrected for refraction g 
and LZ = the latitude of the observer. 


TABLE 6.—Nores ror Computina THE Brarines or A LINE 


d Ol CaN . CMT isn wae || wy uals ce 8 
h DOr DONO: mee ee eh” ald te meu tes ae 
L BO 1OSTO Medel aA ALA Lee ih es oe 
Factor A For 25° h and 38° L 1.3999 
Correction h’ 25.5’ * 1.9 48 
Correction L’ 53.5’ X 3.3 177 
pare iia 3 1.4226 

A cos hk cos L 
Factor B For 25° hk and 38° h 0.3638 
Correction h’ 25.5’ X 2.8 71 
Correction L’ 5305! xX 22 118 
B tan Ah tan L -0.3827 
Gay Gh eI he Sea ig er eee -0.0182 
Zu fucoe. GR Ure a0 DM eile — Eo EO let Le te Se -—0.0259 
cos Z Asind—B —0. 4086 

Z 65° 53’. 1 
Horizontal angle Te REAR ge ay Sear ai ea Oe a 
Azimuth 0 Cae i aa rl a HE eit 4 
Bearing Bil ROL Wie Oe eek Fee EE hn er 


The writer wishes to present a plea for using d for declination and L for 
latitude, believing that some confusion will thereby be eliminated. As d and 
ZL are the initials of the words, declination and latitude, they would not be 
likely to cause the uncertainty as to what they represent as would the Greek 
letters, 5, ¢, 6, and 2. 

As the readings of the vertical angles usually cannot be taken closer than 
the nearest minute of are with an ordinary transit, refining any of the com- 
putations to a point closer than 0.5’ of arc, or farther than four decimal 
places in the computations, is not justified, as the results within the required 
limits will be obtained without these refinements. For the same reason, the 
time is not needed to seconds, as the nearest 15’ to 20’ of the correct time will 
define the declination of the sun sufficiently close. 

In Table 6 the computation is made from the values used for Example 1 
of the paper, arranged for convenient placing on the page of a standard field 
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notebook, and is carried only to the limits suggested herein. The results are 
within less than 0.5’ of are of the values calculated to seconds of are with 
five-place computations. This is believed to be sufficiently close, as authori- 
ties are apparently agreed that the accuracy of the results by this method is 
limited to one-half the least reading on the horizontal or vertical are, in 
making the observation, and the author writes “allowing a probable error OLA 
but the azimuth has been computed to seconds. 


C. I. Day,” Assoc. M. Am. Soo. OC. E. (by letter).“*—The avowed purpose 
of this method is to improve the accuracy of true bearing determinations, now 
largely dependent upon the compass needle. Many county surveyors and 
others who have not been fortunate enough to receive the necssary mathe- 
matical training avoid direct readings on the sun because of the complicated 
appearance of the formulas. This has been somewhat remedied by the 
various solar attachments that can be added to the transit, but which are too 
expensive for only occasional use. 

The formula (Equation (1)) from which the author’s tables (illustrated 
in part by Table 1) have been derived does not lend itself to rapid mathe- 
matical solution, particularly when logarithms are used. ‘Therefore, the 
tables are faster to use and can be used by any surveyor who is not familiar 
with logarithms. The tan? $ A formula lends itself to solution by use of 
logarithms in about the same time as the tables, unless a computing machine 
is used in making the cumbersome multiplications. 

Some surveyors are always somewhat uncertain as to how to apply the 
refraction correction to altitude observations and for them the tables suggested 
by the author are a boon. 

In comparing the tables against the formulas, the accuracy seems to be 
within that claimed and certainly is considerably better than can be gained 
with a compass. Mr. Inch is to be commended highly for his efforts. 


16 Pres., W. & L. E. Gurley, Troy, N. Y. 
16a Received by the Secretary November 16, 1936. 
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